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In this review we summarize, expand, and set in context recent developments on the thermo-
dynamics of black holes in extended phase space, where the cosmological constant is interpreted
as thermodynamic pressure and treated as a thermodynamic variable in its own right. We specifi-
cally consider the thermodynamics of higher-dimensional rotating asymptotically flat and AdS black
holes and black rings in a canonical (fixed angular momentum) ensemble. We plot the associated
thermodynamic potential–the Gibbs free energy–and study its behaviour to uncover possible ther-
modynamic phase transitions in these black hole spacetimes. We show that the multiply-rotating
Kerr-AdS black holes exhibit a rich set of interesting thermodynamic phenomena analogous to
the ‘every day thermodynamics’ of simple substances, such as reentrant phase transitions of mul-
ticomponent liquids, multiple first-order solid/liquid/gas phase transitions, and liquid/gas phase
transitions of the Van der Waals type. Furthermore, the reentrant phase transitions also occur
for multiply-spinning asymptotically flat Myers–Perry black holes. The thermodynamic volume, a
quantity conjugate to the thermodynamic pressure, is studied for AdS black rings and demonstrated
to satisfy the reverse isoperimetric inequality; this provides a first example of calculation confirm-
ing the validity of isoperimetric inequality conjecture for a black hole with non-spherical horizon
topology. The equation of state P = P (V, T ) is studied for various black holes both numerically
and analytically—in the ultraspinning and slow rotation regimes.
PACS numbers: 04.50.Gh, 04.70.-s, 05.70.Ce
I. INTRODUCTION
The subject of black hole thermodynamics continues
to be one of import in gravitational physics. Despite
long-established notions that black holes have a temper-
ature proportional to their surface gravity, an entropy
proportional to their horizon area, and obey a version
of the first law of thermodynamics, the subject is still
not fully understood. Investigations in asymptotically
anti de Sitter (AdS) spacetimes have been carried out in
considerable detail for three decades since it was pointed
out that radiation/large AdS black hole phase transitions
can take place [1]. Thermodynamic equilibrium can be
defined, and many additional corroborative results have
been obtained that provide strong evidence that such ob-
jects indeed behave as thermodynamic systems.
The proposal that the mass of an AdS black hole
should be interpreted as the enthalpy of the spacetime
represents an interesting new development in this sub-
ject. It emerged from geometric derivations of the Smarr
formula for AdS black holes [2] that suggested the cos-
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mological constant should be considered as a thermody-
namic variable [3] analogous to pressure in the first law
[4]. This has led to a number of investigations of black
hole thermodynamics in this extended phase space [5–
40]. Extensions of this idea to asymptotically de Sitter
space times have also been recently explored, with the re-
sultant thermodynamic notions for black holes remaining
intact [41] (see also [42–50]).
The purpose of this paper is to provide a detailed
overview and investigation of the thermodynamics of ro-
tating asymptotically flat and AdS black holes and black
rings in a canonical (fixed angular momentum) ensemble.
We find a variety of novel features emerge. In particu-
lar, we shall show that the thermodynamics of multiply-
rotating Kerr-AdS black holes are, under certain cir-
cumstances, analogous to the ‘every day thermodynam-
ics’ of simple substances, such as reentrant phase tran-
sitions of multicomponent liquids, multiple first-order
solid/liquid/gas phase transitions, and liquid/gas phase
transitions of the Van der Waals type. We also find that
some of these phenomena, such as reentrant phase tran-
sitions, also occur for multiply-spinning asymptotically
flat Myers–Perry black holes. We compute the thermo-
dynamic volume (conjugate to the pressure), and demon-
strate that in all examples we consider it satisfies the re-
verse isoperimetric inequality. In particular, we find that
this inequality remains true even for the thin asymptot-
ically AdS black rings—providing a first confirmation of
2the reverse isoperimetric inequality conjecture for a black
hole with non-spherical horizon topology.
A. Canonical ensemble and phase transitions
Concentrating entirely on asymptotically flat and AdS
black holes, we consider the proposal that thermodynamic
pressure is given by
P = − 1
8π
Λ =
(d− 1)(d− 2)
16πl2
, (1.1)
where d stands for the number of spacetime dimensions,
Λ is the cosmological constant, and l denotes the AdS
radius. The asymptotically flat case has P = 0.
We shall study the thermodynamics in a canonical en-
semble, that is for fixed black hole angular momenta Ji,
and/or, in the case of charged black holes for fixed charge
Q. The stability of supersymmetric AdS vacua [51] en-
sures that these kinds of thermodynamic ensembles can
in principle be prepared by coupling an asymptotically
AdS space-time to a bath that allows transfer of energy
but not angular momentum or charge by coupling only to
operators with Ji = 0, Q = 0. Hence within this context
one can prepare a canonical ensemble with any fixed Ji
and Q.
The equilibrium thermodynamics is governed by the
Gibbs free energy, G = G(T, P, Ji, Q), whose global mini-
mum yields the state of a system for a fixed (T, P, Ji, Q).
1
Since mass of the black hole M is interpreted as the en-
thalpy, we have the following thermodynamic relation:
G =M − TS = G(P, T, J1, . . . , JN , Q) . (1.2)
Here T and S stand for the horizon temperature and
black hole entropy.
Understanding the behaviour of G is essential for un-
covering possible thermodynamic phase transitions. We
shall see that it is often impossible to write the rela-
tion G = G(T, P, Ji, Q) explicitly. For this reason we fix
the pressure and angular momenta (and charge)— usu-
ally expressed parametrically through the horizon radius
r+—to particular values and plot G numerically. In this
way we obtain G − T diagrams which incorporate the
information about possible phase transitions.2
The local thermodynamic stability of a canonical en-
semble is characterized by positivity of the specific heat
1 Note that there are states of matter, for example supercooled
water, which do not correspond to the global minimum of G but
rather are ‘metastable’.
2 An interesting alternative proposal which attracted attention in
past few years is to consider an “effective thermodynamic ge-
ometry” and study its curvature singularities [52–57]. These
then provide an information about presence of critical points and
hence possible phase transitions in the given spacetime. How-
ever, in this paper we do not follow this strategy and concentrate
entirely on analyzing the Gibbs free energy.
at constant pressure
CP ≡ CP,J1,...,JN ,Q = T
(
∂S
∂T
)
P,J1,...,JN ,Q
. (1.3)
We take negativity of CP as a sign of local thermody-
namic instability. Note that in this relation we automat-
ically assume fixed Ji (and/or Q in the case of charged
black holes). That is, our specific heat at constant P is
in fact a specific heat at constant (P, Ji, Q) and coincides
with CJ and/or CQ considered in previous studies, e.g.,
[58, 59]. When plotting the Gibbs free energy we shall
plot branches with CP > 0 in red solid lines and branches
with CP < 0 in dashed blue lines.
Once the behaviour of the Gibbs free energy is known,
we construct the associated phase diagrams. These are
usually drawn in the P −T plane and display the coexis-
tence lines of various black hole phases, inter-related by
the first-order phase transitions, as well as reveal pos-
sible critical points where the coexistence lines termi-
nate/merge together.
A renowned example of a transition in black hole space-
times is the radiation/black hole first-order phase transi-
tion of Hawking and Page observed for Schwarzschild-
AdS black holes immersed in a bath of radiation [1].
Such a phenomenon (discussed further in the next sec-
tion) has a dual interpretation for a boundary quantum
field theory via the AdS/CFT correspondence and is re-
lated to a confinement/deconfinement phase transition in
the dual quark gluon plasma [60]. For charged or rotat-
ing black holes one likewise observes a small/large black
hole first order phase transition reminiscent of the liq-
uid/gas transition of the Van der Waals fluid [4, 6, 8, 15–
17, 21, 22, 27, 28, 33, 40, 61–70].
Interesting new phenomena appear in higher dimen-
sions. Recently it has been shown [25] that in all dimen-
sions d ≥ 6 singly spinning Kerr-AdS black holes demon-
strate the peculiar behaviour of large/small/large black
hole transitions reminiscent of reentrant phase transitions
(RPT) observed for multicomponent fluid systems, gels,
ferroelectrics, liquid crystals, and binary gases, e.g., [71].
A system undergoes an RPT if a monotonic variation
of any thermodynamic quantity results in two (or more)
phase transitions such that the final state is macroscopi-
cally similar to the initial state. For singly spinning Kerr-
AdS black holes it was found [25] that for a fixed pressure
within a certain range (and for a given angular momen-
tum) a monotonic lowering of the temperature yields a
large/small/large black hole transition. The situation is
accompanied by a discontinuity in the global minimum
of the Gibbs free energy, referred to as a zeroth-order
phase transition, a phenomenon seen in superfluidity and
superconductivity [72]. The RPT was also found for the
four-dimensional Born–Infeld-AdS black hole spacetimes,
deep in the non-linear regime of the Born–Infeld the-
ory [16], and for the black holes of third-order Lovelock
gravity [73]. Remarkably, here we show (see Sec. IV)
that a similar phenomenon is observed for the asymp-
totically flat doubly-spinning Myers–Perry black holes of
3vacuum Einstein gravity. Hence, neither exotic matter
nor a cosmological constant (and hence AdS/CFT corre-
spondence) are required for this phenomena to occur in
black hole spacetimes.
More intriguingly, other qualitatively different inter-
esting phenomena known from the ‘every day ther-
modynamics’ emerge when multiply rotating Kerr-AdS
black holes are considered [26]. Depending on the
ratios of the angular momenta, we find an analogue
of a solid/liquid phase transition, multiple first-order
small/intermediate/large black hole phase transitions
with one tricritical (triple) and two critical points remi-
niscent of the solid/liquid/gas phase transition, and the
‘standard’ liquid/gas behaviour of a Van der Waals fluid.
We review and provide more detail concerning these phe-
nomena in the following sections.
B. Thermodynamic volume
A conjugate quantity to the thermodynamic pressure is
the thermodynamic volume V . For AdS black hole space-
times this can formally be obtained from the first law
of black hole thermodynamics by allowing the pressure,
given by (1.1), (and hence the cosmological constant) to
vary
δM = TδS +
∑
i
ΩiδJi +ΦδQ+ V δP . (1.4)
Here, Ωi stand for the horizon angular velocities and Φ
for the horizon electrostatic potential. The extended first
law (1.4) is consistent with the following Smarr–Gibbs–
Duhem relation, an integrated formula relating the black
hole mass to other thermodynamic quantities:
d− 3
d− 2M = TS+
∑
i
ΩiJi+
d− 3
d− 2ΦQ−
2
d− 2V P , (1.5)
the two being related by a dimensional (scaling) argu-
ment [2]. Either of these relations can be used for calcu-
lating the thermodynamic volume V of AdS black holes.
As we shall see in each case of interest, the final ex-
pression for V has a smooth limit for P → 0, which
defines a thermodynamic volume for asymptotically flat
black holes. Alternatively, one can calculate V using the
method of Killing co-potentials [2, 10].3
The thermodynamic volume has dimensions of
(length)d−1 and describes a spatial volume character-
3 This consists of finding a co-potential 2-form whose divergence
gives the Killing vector that is a horizon generator of the black
hole spacetime under consideration. Once known, such a co-
potential is integrated to give the thermodynamic volume. How-
ever finding the co-potential is not easy. For spherical rotating
black hole spacetimes this was possible due to the presence of
a special hidden symmetry of a Killing–Yano tensor [74]. This
symmetry does not exist for black rings or black saturns.
izing the black hole spacetime.4 In particular, for the
Schwarzschild black hole in d = 4 one obtains the in-
triguing relation
V =
4
3
πr3+ , (1.6)
which is the volume of a ball of radius r+ in the Euclidean
space, with r+ being the horizon radius in Schwarzschild
coordinates. For a wide variety of asymptotically flat and
AdS black hole spacetimes with spherical horizon topol-
ogy the thermodynamic volume has been calculated in
[10]. Although much more complicated in the presence
of angular momenta and various additional charges, the
thermodynamic volume in all cases studied so far was
found to obey the so called reverse isoperimetric inequal-
ity, an inequality between the horizon area (black hole
entropy) and the thermodynamic volume.
In Euclidean space Ed−1, the isoperimetric inequality
for the volume V of a connected domain whose area is A
states that the ratio
R =
( (d− 1)V
ωd−2
) 1
d−1
(ωd−2
A
) 1
d−2
, (1.7)
where
ωd =
2π
d+1
2
Γ
(
d+1
2
) (1.8)
is the volume of the unit d-sphere, obeys R ≤ 1, with
equality if and only if the domain is a standard round
ball. It was conjectured in [10] that a reverse isoperimet-
ric inequality,
R ≥ 1 , (1.9)
holds for any asymptotically AdS black hole, where A is
the black hole horizon area and V is the thermodynamic
volume V , the bound being saturated for Schwarzschild-
AdS black holes. In other words, for a fixed thermody-
namic volume the entropy of the black hole is maximized
for the Schwarzschild-AdS spacetime. Up to now this
conjecture has been verified for a variety of (charged ro-
tating) black holes with the horizon of spherical topology.
In Sec. VI we show that it remains true for (thin) black
rings with toroidal horizon topology.
C. Equation of state
Once the thermodynamic volume is known and the
cosmological constant identified with the thermodynamic
pressure, one can, for a given black hole, write down the
4 For alternative definitions of various volumes associated with
black hole spacetimes, see [43, 75–77].
4corresponding ‘fluid’ equation of state relating the pres-
sure, temperature, volume and other external parameters
characterizing the black hole, P = P (V, T, Ji, Q). Simi-
lar to references [15, 16], instead of V we employ a new
quantity v, corresponding to the “specific volume” of the
fluid, defined by5
v =
4
d− 2
( (d− 1)V
ωd−2
) 1
d−1
, (1.11)
where in physical units one has to replace v → vld−2P
with lP being the Planck length. Hence we consider the
following equation of state:
P = P (v, T, Ji, Q) . (1.12)
The equation of state allows one to employ standard
thermodynamic machinery and for instance calculate the
critical exponents associated with the critical point. For
example, the ‘P−v’ criticality of charged AdS black holes
in four dimensions was studied in [15]. The system ex-
hibits a first-order phase transition ala Van der Waals,
with the coexistence line terminating at a critical point
where the phase transition becomes second-order [32] and
is characterized by the following (mean field theory) crit-
ical exponents:
α = 0 , β =
1
2
, γ = 1 , δ = 3 . (1.13)
The same remains true for charged AdS black holes in
higher dimensions [16, 17, 27]. In what follows we ex-
tend the analysis to singly spinning Kerr-AdS black holes
in all dimensions. Since in the rotating case the equa-
tion of state (1.12) cannot be constructed analytically
for any value of the rotation parameter, we investigate
it numerically and develop a systematic analytic expan-
sion in the ultraspinning and slow rotation regimes. The
slow rotation expansion allows us to approximately cal-
culate the critical exponents and verify that they remain
as predicted in (1.13) by mean field theory. The ultra-
spinning expansion approximates the properties of black
membranes and relates to the effective blackfold descrip-
tion [78] and the Gregory–Laflamme instability [79].
5 We note an interesting coincidence pointed to us by Jennie
Traschen in private communications. Similar to the specific vol-
ume of the fluid which as per usual is taken to be the total volume
of the fluid divided by the number of particles, for non-rotating
AdS black holes one may define their specific volume to be
v˜ = V/N , (1.10)
with V being the thermodynamic volume and N being identified
with the number of degrees of freedom associated with the black
hole, which is proportional to its horizon area in Planck units,
i.e., N = 1
4
d−2
d−1
A
l2
P
. Although the two definitions agree for non-
rotating black holes, they differ significantly when the rotation
is taken into account. In particular, for the ultraspinning black
holes (discussed in Sec. III) v defined by (1.11) remains finite
whereas v˜ diverges to infinity since N goes to zero in this limit.
The plan of our paper is as follows. In the next sec-
tion we recapitulate the relevant thermodynamic results
for four-dimensional black holes. Sec. III deals with the
thermodynamics and various phase transitions of higher-
dimensional Kerr-AdS black holes, whereas Sec. IV stud-
ies their asymptotically flat cousins. Sec. V is devoted
to analytically known 5-dimensional vacuum black holes
with non-spherical horizon topology. In Sec. VI AdS
black rings in all dimensions are studied in the thin (ul-
traspinning) approximation. The aforementioned ther-
modynamic phase transitions are put in context with var-
ious classical instabilities in Sec. VII. Sec. VIII is devoted
to the final discussion.
II. BLACK HOLES IN 4D
To set the stage for higher-dimensional results in this
section we review some interesting features about the
thermodynamics of four-dimensional black holes. We
concentrate our attention on plotting the Gibbs free en-
ergy and discussing the associated phase diagrams. For
asymptotically flat black holes we have P = 0, whereas
from (1.1), P = 3/(8πl2) for asymptotically AdS black
holes.
A. Asymptotically flat black holes
1. Schwarzschild solution
To start with let us consider a spherically symmetric
(four-dimensional) metric element
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2(k) , (2.1)
where dΩ2(k) = dθ
2+ 1k sin
2
(√
kθ
)
dϕ2 is a standard metric
on a compact 2-surface, with k = {1, 0,−1} denoting
spherical, planar, and hyperbolic geometries. Setting k =
1, the horizon radius is the largest r+ solving
f(r+) = 0 . (2.2)
In our examples, limited to vacuum spacetimes with pos-
sibly a negative cosmological constant and Maxwell field,
one gets the following expressions for the black hole tem-
perature, horizon entropy, and thermodynamic volume:
T =
f ′(r+)
4π
, S =
A
4
= πr2+ , V =
4
3
πr3+ . (2.3)
Once the mass M is determined the Gibbs free energy is
given by (1.2), G =M − TS.
In particular, for the Schwarzschild black hole one has
f = 1− 2M
r
, (2.4)
5G
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CP < 0
0.3 0.6
0.1
0.2
FIG. 1. Gibbs free energy: Schwarzschild black hole.
The dashed blue line corresponds to a negative specific heat;
for an asymptotically flat Schwarzschild black hole this quan-
tity is negative for any temperature.
and the corresponding thermodynamic quantities are
M =
r+
2
, T =
1
4πr+
, G =
r+
4
=
1
16πT
, (2.5)
and it is clear the Smarr relation (1.5), M = 2TS, is
satisfied. It is not difficult to show that CP = −2πr2+ <
0, which corresponds to the well known fact that the
Schwarzschild black hole is locally thermodynamically
unstable. This is related to the Gregory–Laflamme in-
stability of the corresponding Schwarzschild black string
[79].6 The Gibbs free energy, displayed in fig. 1, has no
interesting features and indicates no phase transitions.
2. Charged black hole: Reissner–Nordstro¨m solution
When the chargeQ is added to the Schwarzschild black
hole, we obtain the Reissner–Nordstro¨m (RN) solution,
for which the metric is (2.1) with
f(r) = 1− 2M
r
+
Q2
r2
. (2.6)
The thermodynamic quantities are
T =
r2+ −Q2
4πr3+
, M =
r2+ +Q
2
2r+
, Φ =
Q
r+
,
G =
r2+ + 3Q
2
4r+
, CP = 2πr
2
+
r2+ −Q2
3Q2 − r2+
, (2.7)
6 The thermodynamic instability of a black hole can be related to
the corresponding classical instability, see, e.g., [80–84].
G
T
CP < 0
CP > 0
0 0.01 0.02
1
2
3
FIG. 2. Gibbs free energy: RN black hole. The Gibbs
free energy of Q = 1 RN black hole is displayed. The horizon
radius r+ increases from left to right and then up; T = 0 cor-
responds to the extremal black hole with r+ = M = Q = 1.
For a fixed temperature there are two branches of RN black
holes. The lower thermodynamically preferred branch corre-
sponds to small strongly charged nearly extremal black holes
with positive CP . The upper branch of weakly charged RN
(almost Schwarzschild-like) black holes has higher Gibbs free
energy and negative specific heat and hence is thermodynam-
ically unstable. Its Euclidean action also possesses a negative
zero mode. The situation for the Kerr-AdS black hole is qual-
itatively similar, with fixed J replacing fixed Q.
and the Smarr relation (1.5) is again satisfied. The spe-
cific heat capacity is positive for small strongly charged
black holes,
√
3|Q| > r+ > |Q| , (2.8)
or, equivalently,
√
3M/2 < |Q| < M . This range corre-
sponds to a thermodynamically stable branch of near ex-
tremal black holes which globally minimize the Gibbs free
energy, see fig. 2. Consequently and counter-intuitively
in a fixed charge canonical ensemble strongly charged
small RN black holes are thermodynamically preferred
to weakly charged (almost Schwarzschild-like) large black
holes. [Despite the fact that the entropy is larger on
the upper branch in fig. 2, since it increases quadrati-
cally with r+, the Gibbs free energy in the lower branch
is the global minimum at fixed Q due to the larger en-
thalpy contribution in the upper branch.] A directly re-
lated result is that in the range (2.8) there are no nega-
tive modes in the Euclidean action, whereas the negative
mode appears for r+ ≥
√
3|Q|, indicating the onset of
Schwarzschild-like behaviour [58] .
63. Rotating black hole: Kerr solution
The rotating black hole metric described by the Kerr
solution is written
ds2 = −dt2 + 2Mr
Σ
(
dt− a sin2θdφ)2 + Σ
∆
dr2
+ Σdθ2 +
(
r2 + a2
)
sin2θdφ2 , (2.9)
where
Σ = r2 + a2 cos2θ , ∆ = r2 + a2 − 2Mr . (2.10)
The thermodynamic quantities are
T =
1
2π
[
r+
a2 + r2+
− 1
2r+
]
, S = π(a2 + r2+) =
A
4
,
J =
a
2r+
(a2 + r2+) , Ω =
a
r2+ + a
2
,
G =
3a2 + r2+
4r+
, CP =
2π(r2+ − a2)(r2+ + a2)2
3a4 + 6r2+a
2 − r4+
,
M =
r2+ + a
2
2r+
, V =
r+A
3
(
1 +
a2
2r2+
)
, (2.11)
and satisfy (1.5) . The behaviour of the Gibbs free energy
is qualitatively very similar to that of the charged black
hole [15], given by fig. 2, with fixed J replacing fixed Q.7
As for the RN black hole we observe two branches of the
Gibbs free energy. The lower one occurs for√
3 + 2
√
3|a| > r+ > |a| , (2.12)
or, equivalently, M > |a| > M
√
2
√
3− 3. It is thermo-
dynamically preferred and corresponds to small fast ro-
tating nearly extremal black holes with positive CP . The
upper branch of slowly rotating (almost Schwarzschild-
like) black holes has higher Gibbs free energy and neg-
ative specific heat and is thermodynamically unstable.
Its Euclidean action also possesses a negative zero mode
[59].
We conclude that in the canonical ensemble of fixed J ,
the nearly extremal fast spinning black holes are thermo-
dynamically preferred to the slowly rotating ones.
B. AdS black holes
1. Schwarzschild-AdS
The simplest (spherical) asymptotically AdS black hole
is described by the Schwarzschild-AdS spacetime. The
metric takes the form (2.1) with
f = 1− 2M
r
+
r2
l2
. (2.13)
7 In fact the thermodynamic behaviour remains qualitatively same
even in charged rotating Kerr–Newman case.
G
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0
0.2
0.4
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0.075
FIG. 3. Gibbs free energy: Schwarzchild-AdS
black hole. When compared to the asymptotically flat
Schwarzschild case (fig. 1) for P > 0 the Gibbs free energy ac-
quires a new thermodynamically stable branch of large black
holes. For T > THP this branch has negative Gibbs free en-
ergy and the corresponding black holes represent the globally
thermodynamically preferred state.
The thermodynamic quantities are
T =
1
4πr+l2
(l2 + 3r2+) , S = πr
2
+ , V =
4
3
πr3+ ,
M =
r+
2
(
1 +
r2+
l2
)
, G =
r+
4
(
1− r
2
+
l2
)
,
CP = 2πr
2
+
3r2+ + l
2
3r2+ − l2
, (2.14)
and satisfy (1.5), M = 2TS − 2V P , due to the presence
of the PV term.
We observe a qualitatively different thermodynamic
behaviour when compared to the asymptotically flat
Schwarzschild case. Specifically CP is no longer always
negative: it becomes positive for large (when compared
to the AdS radius) black holes
r+ > rmin =
l√
3
, (2.15)
while it is negative for r+ < rmin and ill defined at r+ =
rmin.
The behaviour of the Gibbs free energy G is dis-
played in fig. 3. We observe a minimum temperature
Tmin = 2
√
3/(4πl), corresponding to rmin, below which no
black holes can exist. Above this temperature we have
two branches of black holes. The upper one describes
small (Schwarzschild-like) black holes with negative spe-
cific heat; these are thermodynamically unstable and can-
not be in a thermal equilibrium with a thermal bath of
radiation. The large (r+ > rmin) black holes at lower
7P
T
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RADIATION
0
0.002
0.004
0.006
0.02 0.04 0.06
FIG. 4. Hawking–Page transition is a first-order phase
transition between thermal radiation in AdS and large sta-
ble Schwarzschild-AdS black hole. It occurs when G of the
Schwarzschild-AdS black hole approximately vanishes. Con-
sidering various pressures P gives the radiation/large black
hole coexistence line (2.17) displayed in this figure. Similar
to a “solid/liquid” phase transition, this line continues all the
way to infinite pressure and temperature.
branch have positive specific heat and hence are locally
thermodynamically stable. However, just above Tmin the
Gibbs free energy of such black holes is positive and the
thermal AdS space with approximately zero Gibbs free
energy represents a globally preferred thermodynamic
state.8 This continues until temperature THP ≈ 1/(πl)
for which the black hole Gibbs free energy becomes neg-
ative, with the corresponding black hole radius given by
rHP = l . (2.16)
Black holes with r+ > rHP have negative Gibbs free en-
ergy and represent the globally preferred state. This
means that at T = THP there is a first order Hawking–
Page [1] phase transition between thermal radiation and
large black holes. This phase transition can be inter-
preted as a confinement/deconfinement phase transition
in the dual quark gluon plasma [60].
Considering an extended phase space, the coexistence
line of thermal radiation/large black hole phases, deter-
mined from G = 0, reads
P |coexistence = 3π
8
T 2 . (2.17)
8 We refer to a thermal AdS space to be a (global) AdS space
coupled to a bath of thermal radiation. Since the number of
particle quanta representing the radiation is relatively small, the
corresponding Gibbs free energy approximately equals zero.
P
v
0
0.005
0.01
10 20
FIG. 5. Equation of state: Schwarzschild-AdS black
hole. The equation of state (2.18) is displayed for various
temperatures. For a given temperature the maximum occurs
at v = 2r0. The dashed blue curves correspond to small
unstable black holes. The red curves depict the stable large
black hole branch; we observe ‘ideal gas’ behaviour for large
temperatures.
The corresponding P − T phase diagram is displayed in
fig. 4.
By rewriting the temperature equation (2.14) while us-
ing (1.1), we get a corresponding ‘fluid equation of state’
for the Schwarzschild-AdS black hole, given by
P =
T
v
− 1
2πv2
, v = 2
(3V
4π
)1/3
= 2r+ . (2.18)
The behaviour of this equation is displayed in the P −V
diagram in fig. 5. For each isotherm there is a maximum
which occurs for v = 1/(πT ). For a given temperature
this precisely corresponds to r+ = rmin; the dashed blue
curves with positive slope (and possibly negative pres-
sures) to the left of the maximum correspond to small
black holes with negative CP which are thermodynam-
ically unstable, whereas solid red curves correspond to
large black holes with positive CP that are locally ther-
modynamically stable.
Let us compare the fluid equation of state of the
Schwarzschild-AdS black hole (2.18) with the famous Van
der Waals (VdW) equation, e.g. [85], which is a popular
two parameter closed form modification of the ideal gas
law that approximates the behaviour of real fluids. The
VdW equation takes into account the nonzero size of fluid
molecules (described by a constant b > 0) and the attrac-
tion between them (described by a constant a > 0) and
is often used to capture basic qualitative features of the
liquid–gas phase transition. The equation reads (setting
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FIG. 6. P − v diagram of Van der Waals fluid. The
temperature of isotherms decreases from top to bottom. The
two upper dashed lines correspond to the “ideal gas” phase
for T > Tc, the critical isotherm T = Tc is denoted by the
thick solid line, lower solid lines correspond to temperatures
smaller than the critical temperature; for T < Tc parts of the
isotherms are actually unphysical, and must be replaced by a
constant pressure line according to the Maxwell’s equal area
prescription [15]. Constants a and b were set equal to one.
the Boltzmann constant kB = 1)
P =
T
v − b −
a
v2
, (2.19)
where v = V/N is the specific volume of the fluid, P its
pressure, T its temperature, and the fluid parameters a
and b are characteristics of a given fluid. The charac-
teristic VdW P − v diagram is displayed in fig. 6. The
equation admits a critical point, described by {Tc, vc, Pc},
with universal critical ratio
ρc =
Pcvc
Tc
=
3
8
, (2.20)
and the mean field theory critical exponents (1.13).
We pause to consider topological Schwarzschild-AdS
black holes. Making use of the metric (2.1) for arbitrary
k, the formulae (2.14) take the following more general
form:
M =
r+Ak
8
(
k +
r2+
ℓ2
)
, S =
πAk
4
r2+ ,
T =
kℓ2 + 3r2+
4πℓ3r+
, V =
πAk
3
r3+ , (2.21)
where Ak is the area of the constant-curvature space
divided by π; for a sphere, Ak=1 = 4, for a torus,
Ak=0 = AB, where A and B and the sides of the torus,
and there is no nice simple formula for Ak=−1. In all
cases the Smarr formula (1.5) and first law (1.4) hold. It
is then straightforward to show that the fluid correspond-
ing to the Schwarzschild-AdS black hole is characterized
by
a =
k
2π
, b = 0 . (2.22)
That is, its equation of state differs from the ideal gas law
by the presence of a nontrivial parameter a = k/(2π).
This is directly related to the topology of the horizon.
For planar Schwarzschild-AdS black holes, k = 0 and we
recover the ideal gas law characterized by a = 0 = b,
Pv = T , (2.23)
whereas for the k = −1 hyperbolic case we get a peculiar
‘repulsion’ feature a = − 12pi < 0, with b = 0, the volume
of molecules still vanishing.
We note one more interesting fact for the planar (k =
0) AdS black holes. In this case the following specific
Smarr-like relation has been employed e.g., [86, 87]:
3M = 2TS , (2.24)
[or (d − 1)M = (d − 2)TS in d-dimensions] without any
reference to the PV term. The value of our Smarr re-
lation (1.5) is that it follows from the general geometric
argument and applies to a wide class of (even possibly
unknown) solutions that satisfy the assumptions of the
theorem, whereas (2.24) is a ‘phenomenological’ observa-
tion valid for a particular sub-class of solutions. We also
note that this relation is not related to the corresponding
first law, dM = TdS, by a dimensional scaling argument.
2. Charged AdS black hole
The charged AdS black hole metric is described by
(2.1) with
f = 1− 2M
r
+
Q2
r2
+
r2
l2
. (2.25)
The thermodynamic quantities are
T =
1
4πr3+l
2
(
l2(r2+ −Q2) + 3r4+
)
, S = πr2+ ,
V =
4
3
πr3+ , Φ =
Q
r+
, G =
l2r2+ − r4+ + 3Q2l2
4l2r+
,
CP = 2πr
2
+
3r4+ + l
2r2+ −Q2l2
3r4+ − l2r2+ + 3Q2l2
. (2.26)
The specific heat is negative for
l
√
1−
√
1− 36Q2/l2
√
6
< r+ <
l
√
1 +
√
1− 36Q2/l2
√
6
,
(2.27)
and positive otherwise.
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FIG. 7. Equation of state: charged AdS black hole.
The temperature of isotherms decreases from top to bottom.
The two upper dashed lines correspond to the “ideal gas” one-
phase behaviour for T > Tc, the critical isotherm T = Tc is
denoted by the thick solid line, lower solid lines correspond to
temperatures smaller than the critical temperature. We have
set Q = 1. P − v diagram for the Kerr-AdS black hole with
J = 1 is qualitatively similar.
It was first noticed in [61, 62] that in a canonical
(fixed charge) ensemble, charged AdS black holes allow
for a first order small-black-hole/large-black-hole phase
(SBH/LBH) transition which is in many ways reminis-
cent of the liquid/gas transition of a Van der Waals fluid.
This analogy becomes more complete in extended phase
space [15]. Namely, the equation of state,
P =
T
v
− 1
2πv2
+
2Q2
πv4
, v = 2r+ , (2.28)
mimics qualitatively the behaviour of the Van der Waals
equation, shown in fig. 6, with its black hole counterpart
(2.28) illustrated in fig. 7. Below Pc, the Gibbs free en-
ergy displays a characteristic swallowtail behaviour, de-
picted in fig. 8, indicating a first-order SBH/LBH phase
transition. The corresponding coexistence line is dis-
played in fig. 9. It terminates at a critical critical point,
characterized by
Tc =
√
6
18πQ
, vc = 2
√
6Q , Pc =
1
96πQ2
, (2.29)
where the phase transition becomes of the second order
[32, 88], and is characterized by the mean field theory
critical exponents (1.13). Remarkably the relation ρc =
Pcvc/Tc = 3/8 is identical to the Van der Waals case.
The overall situation reminds one of the liquid/gas phase
transition. A similar situation occurs for charged AdS
black holes in higher dimensions [16].
G
T
P > P cP < P c P = P c
0.03 0.06
0.5
1
FIG. 8. Gibbs free energy: charged AdS black hole.
Characteristic swallowtail behaviour is observed for P < Pc,
corresponding to a small/large black hole phase transition.
An unstable branch of the Gibbs free energy is displayed in
dashed blue line. We have set Q = 1. The behaviour of G for
Kerr-AdS black hole with J = 1 is qualitatively similar.
We remark that the Hawking–Page phase transition as
well as the SBH/LBH phase transition ala Van der Waals
can be also observed for asymptotically flat or de Sitter
charged black holes provided these are placed in a finite
cavity [89].
We close this subsection by noting that strongly
charged small AdS black holes are subject to superra-
diant instabilities. For a charged scalar field coupled to
Einstein–Maxwell theory a similar situation occurs: at
small temperatures charged scalar hair forms and the re-
sulting ‘hairy black holes’ are thermodynamically pre-
ferred [90–97]. This means that in the presence of a
charged scalar field, the left-most branch of small black
holes in the Gibbs free diagram 8, although locally ther-
modynamically stable, does not globally minimize the
Gibbs free energy. Rather, there is another branch of
hairy black holes with lower Gibbs free energy. The
hair/no-hair black hole phase transition is of the second
order and underlies the theory of holographic supercon-
ductors.
3. Kerr-AdS
The thermodynamics of four-dimensional rotating AdS
black holes is qualitatively similar to the charged AdS
10
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FIG. 9. Phase diagram: charged AdS black hole. The
coexistence line of the SBH/LBH phase transition of the
charged AdS black hole system in (P, T )-plane is displayed.
The critical point is highlighted by a small circle at the end
of the coexistence line. The phase diagram for a Kerr-AdS
black hole with J = 1 is qualitatively similar.
case.9 The metric is
ds2 = −∆
ρ2
(dt− a
Ξ
sin2θdϕ)2 +
ρ2
∆
dr2 +
ρ2
Σ
dθ2
+
Σsin2θ
ρ2
[adt− (r
2 + a2)
Ξ
dϕ]2 , (2.30)
where
∆ = (r2 + a2)(1 +
r2
l2
)− 2mr , Σ = 1− a
2
l2
cos2 θ ,
Ξ = 1− a
2
l2
, ρ2 = r2 + a2 cos2 θ .
The thermodynamic quantities read
M =
m
Ξ2
, J =
ma
Ξ2
, Ω =
a
l2
r2+ + l
2
r2+ + a
2
,
T =
1
2πr+
[ (a2 + 3r2+)(r2+/l2 + 1)
2(a2 + r2+)
− 1
]
,
S = π
(a2 + r2+)
Ξ
=
A
4
, V =
r+A
3
(
1 +
1 + r2+/l
2
2r2+
a2
Ξ
)
,
G =
(r2+ + 3a
2)l4 − (r2+ − a2)2l2 + (a2 + 3r2+)a2r2+
l4Ξ2r+
,
(2.31)
9 In fact a qualitatively similar behaviour occurs for charged ro-
tating AdS black holes, see [4].
and satisfy the Smarr relation (1.5); rather lengthy for-
mula for CP can be found in [59].
The Gibbs free energy, equation of state, and the P −
T phase diagram are qualitatively similar to figs. 8, 7
and 9—with fixed J replacing fixed Q. For any fixed J ,
there is a critical point, characterized by (Pc, Vc, Tc), that
can be determined numerically. For P < Pc, the Gibbs
free energy displays swallowtail behaviour and there is
a corresponding SBH/LBH first order phase transition
with a phase diagram similar to fig. 9. It will be shown
in the next section that in the limit of slow rotation,
a≪ l, the equation of state can be approximated by
P =
T
v
− 1
2πv2
+
48J2
πv6
− 384J
4(7 + 8πTv)
(1 + πTv)2πv10
+
36864(13πTv+11)J6
πv14(1 + πTv)3
+O
[
(a/l)8
]
,
v = 2
(3V
4π
)1/3
. (2.32)
The first three terms were first obtained in [16]. Using
this equation of state, one can approximately find the
critical point and study its characteristics. In particular,
one finds that the critical exponents remain as predicted
by the mean field theory, given by (1.13).
We pause to remark that, similar to the charged AdS
case, the rotating AdS black holes close to extremity are
unstable with respect to superradiant instabilities; the
resultant objects (hairy black hole, soliton, or boson star)
are expected to globally minimize the Gibbs free energy
[98–101].
III. HIGHER-DIMENSIONAL KERR-ADS
BLACK HOLE SPACETIMES
A. General metrics
General Kerr-AdS black hole spacetimes [102, 103] are
d-dimensional metrics that solve the Einstein equations
with cosmological constant
Rab =
2Λ
(d− 2)gab (3.1)
and generalize the d-dimensional asymptotically-flat ro-
tating black hole spacetimes of Myers and Perry [104]. In
Boyer–Lindquist coordinates the metric takes the form
ds2 = −W
(
1 +
r2
l2
)
dτ2 +
2m
U
(
Wdτ −
N∑
i=1
aiµ
2
i dϕi
Ξi
)2
+
N∑
i=1
r2 + a2i
Ξi
µ2i dϕ
2
i +
Udr2
F − 2m +
N+ε∑
i=1
r2 + a2i
Ξi
dµ2i
− l
−2
W (1 + r2/l2)
(N+ε∑
i=1
r2 + a2i
Ξi
µidµi
)2
, (3.2)
11
where
W =
N+ε∑
i=1
µ2i
Ξi
, U = rε
N+ε∑
i=1
µ2i
r2 + a2i
N∏
j
(r2 + a2j) ,
F = rε−2
(
1 +
r2
l2
) N∏
i=1
(r2 + a2i ) , Ξi = 1−
a2i
l2
. (3.3)
To treat even (ε = 1) odd (ε = 0) spacetime dimension-
ality d simultaneously, we have parametrized
d = 2N + 1 + ε , (3.4)
and in even dimensions set for convenience aN+1 = 0.
The coordinates µi are not independent, but obey the
constraint
N+ε∑
i=1
µ2i = 1 . (3.5)
In general the spacetime admits N independent angu-
lar momenta Ji, described by N rotation parameters
ai, and generalizes the previously known singly-spinning
case [105]. In d = 4 it reduces to the four-dimensional
Kerr-AdS metric studied in the previous section. With
this metric it shares a remarkable property—it possesses
a hidden symmetry associated with the Killing–Yano ten-
sor [74] that is responsible for integrability of geodesic
motion and various test field equations in these space-
times, see, e.g., review [106].
The thermodynamic quantities associated with Kerr-
AdS black holes were first calculated in [107]. The mass
M , the angular momenta Ji, and the angular velocities
of the horizon Ωi read
M =
mωd−2
4π(
∏
j Ξj)
( N∑
i=1
1
Ξi
− 1− ε
2
)
,
Ji =
aimωd−2
4πΞi(
∏
j Ξj)
, Ωi =
ai(1 +
r2+
l2 )
r2+ + a
2
i
, (3.6)
while the temperature T , the horizon area A, and the
entropy S are given by
T =
1
2π
[
r+
(r2+
l2
+ 1
) N∑
i=1
1
a2i + r
2
+
− 1
r+
(1
2
− r
2
+
2l2
)ε ]
,
A =
ωd−2
r1−ε+
N∏
i=1
a2i + r
2
+
Ξi
, S =
A
4
. (3.7)
The horizon radius r+ is determined as the largest root
of F − 2m = 0 and ωd is given by (1.8).
The thermodynamic volume reads [9, 10]
V =
r+A
d− 1
[
1 +
1 + r2+/l
2
(d− 2)r2+
∑
i
a2i
Ξi
]
=
r+A
d− 1 +
8π
(d− 1)(d− 2)
∑
i
aiJi , (3.8)
and indeed is required to ensure that the Smarr formula
(1.5) holds. It is known to obey the reverse isoperi-
metric inequality (1.9) provided that in (1.7) we identify
A = A and V = V as given by (3.7) and (3.8). In fact
the inequality is saturated for non-rotating black holes,
whereas it becomes most extreme (R →∞) in the ultra-
spinning limit, see discussion around Eq. (3.49).
Note that the ‘naive’ geometric volume [10, 75–77]
(given by the spatial integral of
√−g integrated up to
the horizon radius)
V ′ =
r+A
d− 1 (3.9)
and the thermodynamic volume V in (3.8) differ by an∑
i aiJi term and behave differently in the limits of slow
and fast rotation. Whereas the thermodynamic volume
(3.8) is dominated by its first geometric term for slow
rotations
Vslow ≈ V ′slow ≈
ωd−2r
d−1
+
d− 1 , (3.10)
in the ultraspinning regime the second (angular momen-
tum) term dominates. To see this let us, for simplic-
ity, consider for a moment a singly spinning Myers–Perry
black hole (a1 = a, other ai = 0, and l → ∞). In this
case the formula (3.8) reduces to the following expression
V = V ′ +
4π
d− 1
J2
M
(3.11)
which is also valid for the d = 4 Kerr-AdS case. In d ≥ 6
there is no limit on how large the rotation parameter a
can be [108] and one can, in principle, take the ultraspin-
ning limit a → ∞. For fixed M this implies r+ → 0,
and the second term in the previous formula dominates.
Hence, for the ultraspinning black holes, the thermody-
namic volume differs significantly from the geometric one,
being approximately given by
V ≈ 4π
d− 1
J2
M
≈ ωd−2a
4rd−5+
(d− 1)(d− 2) , (3.12)
which is to be compared with formula (3.10). The con-
clusions for multiply-spinning and/or AdS black holes are
analogous.
The Gibbs free energy is given by (1.2) and is related
to the Euclidean action I [107],
I =
ωd−2
8πT
(∏
j Ξj
)(m− rε+
l2
N∏
i=1
(r2+ + a
2
i )
)
, (3.13)
by
G =M − TS = TI +
∑
i
ΩiJi , (3.14)
see also Sec. VII where I is used to estimate the onset of
ultraspinning instabilities. In what follows we shall dis-
cuss in detail some special cases of these general metrics
and the associated interesting thermodynamic features.
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FIG. 10. Gibbs free energy: Kerr-AdS in d = 5. The
Gibbs free energy of equal spinning Kerr-AdS black hole is
displayed for J1 = J2 = 1. The situation is very similar
to what happens for charged or rotating black holes in four
dimensions. A qualitatively similar swallowtail behaviour, in-
dicating a SBH/LBH phase transition, is observed for any
ratio of the two angular momenta, as long as, at least one of
them is non-trivial. Equal spinning Ker-AdS black holes in
all d ≥ 5 demonstrate the qualitatively same feature.
B. Classical swallowtail
The behaviour of the Gibbs free energy G, (3.14), de-
pends crucially on the number of spacetime dimensions
d and the number and ratios of the nontrivial angular
momenta.
The dimension d = 5 is an exception. The Gibbs free
energy is in principle a function of two possible angular
momenta J1 and J2. However, as long as at least one of
them is nontrivial, there exists a critical pressure Pc be-
low which we observe the qualitatively same characteris-
tic swallowtail behaviour indicating the small/large black
hole phase transition, as shown in fig. 10. The situation
is in fact very similar to what happens for Kerr-AdS in
d = 4. The corresponding P−V and P−T diagrams (not
shown) are reminiscent of what was observed for charged
or rotating black holes in d = 4 and are analogous to the
Van der Waals P − V and P − T diagrams.
The classical swallowtail behaviour is also observed for
equal-spinning (J1 = J2 = ...... = JN = J) Kerr-AdS
black holes in all d ≥ 5 dimensions.
C. Reentrant phase transition
It was observed in [25] that in all d ≥ 6 dimensions
the singly spinning Kerr-AdS black holes admit a reen-
trant large/small/large black hole phase transition. This
is quite exciting as similar reentrant phase transitions are
P <P t P =Pc
P >Pc
G
T
P t < P <P z
0.2 0.25 0.3 0.35
0.6
1
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1.8
FIG. 11. Gibbs free energy: singly spinning Kerr-
AdS in d = 6. The behaviour of G for d ≥ 6 is completely
different from that of d < 6, cf., figs. 8 and 10. The Gibbs free
energy for a singly spinning black hole is displayed for increas-
ing pressure (from left to right). As with Schwarzschild-AdS
black holes, for P ≥ Pc, the (lower) large black hole branch
is thermodynamically stable whereas the upper branch is un-
stable. For P = Pc we observe critical behaviour. In a range
of pressures P ∈ (Pt, Pz), we observe a discontinuity in the
global minimum of G or zeroth-order phase transition, signify-
ing the presence of a reentrant phase transition. This feature
is qualitatively similar and present for all d ≥ 6 singly spin-
ning Kerr-AdS black holes. For P < Pt only one branch of
stable large black holes exists. Note that the specific heat is
positive in zones where the Gibbs free energy reaches a global
minimum.
commonly observed for multicomponent fluid systems,
gels, ferroelectrics, liquid crystals, and binary gases, e.g.,
[71], and the observed feature could provide a toy gravi-
tational model for such ‘every day’ thermodynamic phe-
nomena.
In general, a system undergoes a reentrant phase tran-
sition if a monotonic variation of one thermodynamic
quantity results in two (or more) phase transitions such
that the final state is macroscopically similar to the ini-
tial state. For singly spinning Kerr-AdS black holes in
a certain range of pressures (and a given angular mo-
mentum) it was found [25] that a monotonic lowering
of the black hole temperature yields a large/small/large
black hole transition. The situation is accompanied by
a zeroth-order phase transition, a discontinuity in the
global minimum of the Gibbs free energy, a phenomenon
seen in superfluidity and superconductivity [72], and re-
cently in four-dimensional Born–Infeld black holes [16]10
and black holes of third-order Lovelock gravity [73]. In
10 Interestingly, such reentrant phase transitions were recently
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this subsection we provide more detail about this inter-
esting transition. We start with a review of singly spin-
ning Kerr-AdS black holes.
For singly spinning (a1 = a and other ai = 0) Kerr-
AdS black holes the metric (3.2) significantly simplifies
and reduces to
ds2 = −∆
ρ2
(dt− a
Ξ
sin2θdϕ)2 +
ρ2
∆
dr2 +
ρ2
Σ
dθ2
+
Σsin2θ
ρ2
[adt− r
2+a2
Ξ
dϕ]2+r2 cos2θdΩ2d−4 , (3.15)
where
∆ = (r2 + a2)(1 +
r2
l2
)− 2mr5−d , Σ = 1− a
2
l2
cos2θ ,
Ξ = 1− a
2
l2
, ρ2 = r2 + a2 cos2θ , (3.16)
and dΩ2d denotes the metric element on a d-dimensional
sphere. The associated thermodynamic quantities be-
come
M =
ωd−2
4π
m
Ξ2
(
1 +
(d− 4)Ξ
2
)
, J =
ωd−2
4π
ma
Ξ2
,
Ω =
a
l2
r2+ + l
2
r2+ + a
2
, S =
ωd−2
4
(a2 + r2+)r
d−4
+
Ξ
=
A
4
,
T =
1
2π
[
r+
(r2+
l2
+ 1
)( 1
a2 + r2+
+
d− 3
2r2+
)
− 1
r+
]
,
G =
ωd−2r
d−5
+
16πΞ2
(
3a2+r2+ −
(r2+−a2)2
l2
+
3a2r4++a
4r2+
l4
)
,
V =
r+A
d− 1
[
1 +
a2
Ξ
1 + r2+/l
2
(d− 2)r2+
]
, (3.17)
where r+ is the largest positive real root of ∆ = 0.
To analyze the behaviour of G = G(P, T, J) for fixed
J and P we proceed as follows. We first express a =
a(J, r+, P ) from the (quartic) J equation (3.17). Insert-
ing the (well-behaved) solution into the expressions for
G and T , consequently expressed as functions of P and
r+, we can then plot G vs. T parametrically. Similarly,
we obtain an expression for the specific heat CP (r+, P, J)
and plot this function for fixed P and J (not displayed) to
see for which regions of r+ it becomes negative, thereby
finding which branches of G are thermodynamically un-
stable.
The resulting Gibbs free energy in d = 6 is illustrated
in fig. 11; the behaviour in higher dimensions is qual-
itatively similar. As with the Schwarzschild-AdS case
discussed in Sec. II, for a given pressure P there is a
minimum temperature Tmin for which the black holes can
exist. Above this temperature we observe two (or more)
branches of black holes. The branch corresponding to the
found to be absent in higher-dimensional Born–Infeld-AdS black
holes, giving the four-dimensional result a special significance
[33].
largest black holes has positive CP and is locally thermo-
dynamically stable. Its Gibbs free energy becomes nega-
tive above a certain temperature, analogous to THP. The
new feature present in six and higher dimensions is that
between Tmin and THP the branch of largest black holes
may not correspond to a global minimum of the Gibbs
free energy.
The complicated behaviour of G between Tmin and THP
stems from the presence of a critical point occurring in
the large black hole branch at (Tc, Pc). For P > Pc, G
resembles the curve characteristic for the Schwarzschild-
AdS black hole seen in Sec. II, fig. 3. However, below
Pc the situation is more subtle, as displayed in fig. 12.
The reentrant phase transition occurs for a range of pres-
sures P ∈ (Pt, Pz). The pressure Pz, see fig. 12 b), is
a pressure for which Tmin(Pz) = Tz occurs for two lo-
cally thermodynamically stable branches of black holes.
Slightly below this pressure we observe a reentrant phase
transition, fig. 12 c). It is connected with the disconti-
nuity of the global minimum of the Gibbs free energy at
T = T0, where we observe a zeroth order phase transition
between small and large black holes. The reentrant phase
transition terminates at P = Pt below which the global
minimum of the Gibbs free energy is again continuous
and occurs for a branch of large black holes. We also
note a presence of the first order SBH/LBH phase tran-
sition at T = T1 in the range of pressures P ∈ (Pt, Pc).
As displayed in fig. 12 d), at P = Pt temperatures T0
and T1 coincide to give T0 = T1 = Tt. At Tt both the ze-
roth order and the first order phase transitions terminate
and we observe a “virtual triple point”, characterized by
(Pt, Tt), where three black hole phases (small, large and
intermediate) coexist together.11
Fig. 12 c) illustrates in detail the typical behaviour
of G when the reentrant phase transition is present,
P ∈ (Pt, Pz). Black arrows indicate increasing r+. If
we start decreasing the temperature from, say T = 0.24,
the system follows the lower vertical solid red curve of
large stable black holes until it joins the upper horizon-
tal solid red curve of small stable black holes—this cor-
responds to a first order LBH/SBH phase transition at
T = T1. As T continues to decrease the system follows
this upper curve until T = T0, where G has a discon-
tinuity at its global minimum. Further decreasing T ,
the system jumps to the uppermost vertical red line of
large stable black hole—this corresponds to the zeroth or-
der phase transition between small and large black holes.
In other words, as T continuously decreases, we observe
LBH/SBH/LBH reentrant phase transition.
This interesting situation is clearly illustrated in the
P−T diagram in fig. 13. There is the expected SBH/LBH
11 We use the term “virtual triple point” to stress a distinction from
the standard triple point where three first-order phase transition
coexistence lines join together. In a virtual triple point a zeroth-
order phase transition coexistence line joins the first order phase
transition coexistence lines where ‘three types’ of black holes
meet.
14
FIG. 12. Reentrant phase transition: singly spinning Kerr-AdS black holes in d = 6. The figure (a close up of fig. 11)
illustrates the behaviour of the Gibbs free energy for various pressures, P = {0.073, P z = 0.0579, 0.0564, Pt = 0.0553} (from
top to bottom), when the reentrant phase transition is present. We have set J = 1, for which Pc = 0.0958. Solid-red/dashed-
blue lines correspond to CP positive/negative respectively. Picture a) describes a LBH/SBH first order phase transition at
temperature T1 as indicated by a dashed vertical line. Picture b) displays the behaviour of G for P = Pz for which the ‘upper
peak’ occurs at the same temperature T = Tz as the lower peak—indicating the ‘entrance’ of the reentrant phase transition.
The LBH/SBH first order phase transition is still present and occurs at T = T1 > Tz. Picture c) displays a typical behaviour of
G when the reentrant phase transition is present, P ∈ (Pt, Pz). Black arrows indicate increasing r+. If we start decreasing the
temperature from, say T = 0.24, the system follows the lower vertical solid red curve until it joins the upper horizontal solid red
curve—this corresponds to a first order SBH/LBH phase transition at T = T1. As T continues to decrease the system follows
this upper curve until T = T0, where G has a discontinuity at its global minimum. Further decreasing T , the system jumps to
the uppermost vertical red line—this corresponds to the zeroth order phase transition between small and intermediate black
holes. We note that the blue dashed curve with the smallest r+ admits black holes subject to the ultraspinning instabilities,
see Sec. VII, whereas all other branches are stable with respect to this instability. Finally, picture d) shows the behaviour
for P = Pt when the lower peak merges with the vertical red line. For this pressure temperature of the zeroth-order phase
transition T0 coincides with the temperature of the first-order phase transition T1, we call it Tt = T0 = T1.
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FIG. 13. Reentrant phase transition in P − T plane.
The coexistence line of the first order phase transition be-
tween small and large black holes is depicted by a thick black
solid line for J = 1 and d = 6. It initiates from the crit-
ical point (Pc, Tc) and terminates at virtual triple point at
(Pt, Tt). The red solid line (inset) indicates the ‘coexistence
line’ of small and intermediate black holes, separated by a
finite gap in G, indicating the reentrant phase transition. It
commences from (Tz, Pz) and terminates at (Pt, Tt). The “No
BH region”, given by Tmin, is to the left of the dashed oblique
curve, containing the (Tz, Pz) point. A similar figure is valid
for any d ≥ 6.
line of coexistence corresponding to the liquid/gas Van
der Walls case, ending in a critical point at (Tc, Pc).
On the other end this line terminates at (Tt, Pt), where
there is a virtual triple point where the large, small,
and large again black holes coexist. For T ∈ (Tt, Tz)
a new LBH/SBH line of coexistence emerges (see inset
of fig. 13) that terminates in another “critical point” at
(Tz, Pz). We note that the range for the reentrant phase
transition is quite narrow and must be determined nu-
merically. For example for J = 1 and d = 6 we obtain
(Tt, Tz, Tc) ≈ (0.2332, 0.2349, 0.3004) and (Pt, Pz , Pc) ≈
(0.0553, 0.0579, 0.0958).
Several remarks are in order:
a) It is well known that in d ≥ 6 dimensions there is
no “kinematic” limit on how fast the singly spinning
Kerr-AdS black holes can rotate. However, fast spin-
ning black holes are subject to various dynamical in-
stabilities, such as ultraspinning instability, superra-
diant instability, or bar mode instability; these will be
discussed in greater detail in Sec. VII. It turns out that
black holes which participate in the reentrant phase
transition are stable with respect to the ultraspinning
instability: in fig. 12 c) only the blue dashed curve
with the smallest r+ admits black holes subject to
this instability. Unfortunately, this is no longer true
J
T
NO BH REGION
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LARGE BH
Critical Point
0
1
2
3
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FIG. 14. Reentrant phase transition in J − T plane.
The coexistence line of the first order phase transition be-
tween small and large black holes is depicted by a thick black
solid line. The red curve denotes a zeroth-order phase transi-
tion between small and intermediate (large) black holes. The
dashed line outlines the ‘no black hole region’. The diagram
is displayed for fixed l ≈ 2.656 and d = 6.
for the superradiant and bar mode instability, which
‘compete’ with the reentrant phase transition.
b) One may wonder why the reentrant phase transition,
which is characteristic for multicomponent systems
where various phenomena compete among each other
to result in reentrance, should occur at all in a ‘ho-
mogeneous’ system of one black hole. What are the
competing phenomena in our case? A possible expla-
nation is related to the ultraspinning regime.12 It is
well known that as we spin the spherical black hole
faster and faster, its horizon flattens and the result-
ing object is in many respects similar to a black brane,
see the next subsection. However, the thermodynamic
behaviour of black branes is completely different from
that of spherical black holes. It happens that small
black holes that participate in the reentrant phase
transition are ‘almost ultraspinning’ and hence pos-
sess almost black brane behaviour. For this reason it
may be the competition between the black brane ther-
modynamic behaviour and the black hole thermody-
namic behaviour which causes the ‘multicomponency’
and results in the reentrant phase transition.
c) We note that all the interesting behaviour leading to
the reentrant phase transition occurs for a positive
Gibbs free energy, i.e., below temperature THP. For
12 If so, this would also explain why we see reentrance in d ≥ 6
dimensions but not in d = 4 or 5 where such a regime does not
exist.
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this reason, one may expect that the thermal AdS (see
Sec. II) is actually preferred thermodynamic state in
this region and the various black holes participating in
the reentrant phase transition are actually metastable.
If so, the reentrant phase transition may actually be
destroyed and one would simply observe a Hawking–
Page transition between thermal radiation and large
black holes at T = THP.
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d) The observed reentrant phase transition is well suited
for the AdS/CFT interpretation. Although first ob-
served [25] in the context of extended phase space
thermodynamics, the existence of the reentrant phase
transition does not require a variable cosmological
constant. For any fixed value of Λ within the al-
lowed range of pressure, the reentrant phase transi-
tion will take place. This opens up a possibility for
an AdS/CFT interpretation—in particular in the dual
CFT there will be a corresponding reentrant phase
transition within the allowed range of N . In fact, we
can fix the pressure and construct a phase diagram
plotting J vs. T (fig. 14) showing that reentrant phase
behaviour occurs. Hence in the dual CFT at this fixed
pressure there will be a corresponding reentrant tran-
sition as the relative values of the quantities dual to
the angular momenta are adjusted.
e) The existence of reentrant phase transitions in the
context of black hole thermodynamics seems quite
general. Similar phenomena have been observed in
Born–Infeld black hole spacetimes [16] and (quite re-
cently) in the context of third-order Lovelock grav-
ity [73]. We shall also see in Sec. IV, that reentrant
phase transitions are observed for the asymptotically
flat doubly-spinning Myers–Perry black holes of vac-
uum Einstein gravity. Hence, neither exotic matter
nor a cosmological constant (and hence AdS/CFT cor-
respondence) are required for this phenomenon to oc-
cur in black hole spacetimes.
D. Equation of state
Let us now look at the equation of state. For simplicity
we shall first study the case of singly spinning Kerr-AdS
black holes, given by (3.15)–(3.17); the case of equal spin-
ning Kerr-AdS black holes is discussed towards the end.
The aim is to express the pressure P as a function of
the specific volume v, the black hole temperature T , and
the angular momentum J ,
P = P (v, T, J) , (3.18)
which is the equation of state (1.12). Finding this re-
lation for general J is algebraically involved. For this
13 We stress that similar arguments also apply to the four-
dimensional charged AdS black hole discussed in Sec. II and the
corresponding ‘Van der Waals’ phase transition.
FIG. 15. Exact P − v diagram: Kerr-AdS black holes.
In d = 5 (inset) we observe standard Van der Waals like
behaviour, similar to d = 4 in fig. 7. In d ≥ 6 the P − v
diagram is more complex than that of the standard Van der
Waals, reflecting the interesting behaviour of the Gibbs free
energy and a possible reentrant phase transition. Namely,
whereas for large v the isotherms approximate the Van der
Waals behaviour, for small v, similar to Schwarzschild-AdS
in fig. 5, the isotherms turn and lead back to a region with
negative pressures.
reason we plot the exact solution numerically: we solve
the quartic J equation (3.17) for a = a(r+, J, P ), ob-
tain the resulting expressions T = T (r+, J, P ) and v =
v(r+, J, P ), and then solve them for fixed J and T . The
result in d = 5 is qualitatively similar to what was ob-
served in four dimensions, whereas in d ≥ 6 the situation
is more interesting, as shown in fig. 15.
In two cases of physical interest—the slowly rotating
case and the ultraspinning regime—the equation of state
(3.18) can be approximated analytically. In the former
case, as with d = 4 [16], we consider an ǫ = a/l expan-
sion. This slow rotation expansion allows us to approx-
imate the equation of state demonstrating the Van der
Waals behaviour and to study the corresponding critical
point. In the ultraspinning regime, Ξ = 1 − a2/l2 → 0,
black hole geometry approaches that of a black mem-
brane [108], and is characterized by completely different
thermodynamic behaviour. We also construct the Kerr-
AdS equation of state at the very ultraspinning limit and
show in Sec. VI that it coincides with the equation of
state for ultraspinning black rings.
1. Slow rotation expansion
Here we demonstrate that in the regime of slow rota-
tion, where the equation of state can be well approxi-
mated, a Van der Waals type of phase transition takes
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FIG. 16. The two approximations. Exact critical and sub-
critical isotherms, depicted by black crosses, are compared to
the slow spinning expansion (3.25) denoted by red curves and
the ultraspinning expansion (3.44) denoted by a blue curve;
value of r+ decreases right to left. Obviously, the slow rota-
tion approximation is valid for r+ → ∞ whereas the ultra-
spinning one for r+ → 0. In the regime of very small P (not
displayed), v grows arbitrarily large for any temperature T ,
according to (3.42). Note that the ultraspinning black holes
correspond to the upper branch in the Gibbs free energy in
fig. 11, which is unstable. We have set d = 6 and J = 1.
place. Within the validity of the slow rotation expansion
we can analytically study the properties of the critical
point as well as the critical exponents.
The slow rotation expansion is an expansion in the
parameter
ǫ =
a
l
→ 0 , (3.19)
where we keep the pressure P and the mass M of the
black hole fixed.
To obtain the expansion for the equation of state and
the Gibbs free energy we proceed as follows. First we
solve the equation
4πMΞ2
ωd−2
(
1 + d−42 Ξ
) = m = 1
2
rd−5+ (r
2
+ + a
2)
(
1 +
r2+
l2
)
,
(3.20)
for r+ in terms of M and l, while we express a = ǫl. The
l.h.s. of this equation comes fromM equation (3.17) and
the r.h.s. from ∆ = 0. We expand
r+ =
k∑
I=0
rIǫ
I , (3.21)
to some given order k and solve Eq. (3.20) order by order.
The first term yields the relation
M =
ωd−2(d− 2)rd−30
16π
(
1 +
r20
l2
)
, (3.22)
which determines r0 in terms of M ; higher-order rI are
obtained from subsequent terms and are complicated ex-
pressions depending on M and l, or alternatively on r0
and l.
Inserting the expansion (3.21) and the solution (3.22)
into the expressions for J , T and V , in (3.17), we find
J =
ωd−2r
d−3
0 (l
2 + r20)
8πl
ǫ+
∑
I=2
JIǫ
I ,
T =
r20(d− 1) + l2(d− 3)
4πr0l2
+
∑
I=1
TIǫ
I ,
v =
r0
κ
+
∑
I=1
vIǫ
I , (3.23)
while P is given in terms of l through (1.1). Here
{JI , TI , vI} are some concrete functions of l and r0. Note
that as ǫ→ 0, J → 0, whereas all other quantities remain
finite.
In order to get P = P (v, T, J) we proceed perturba-
tively in ǫ, successively eliminating r0 and ǫ from the
resultant expressions. To zeroth order we find
P =
T
v
− d− 3
π(d− 2)v2 +O(ǫ
2) . (3.24)
To obtain the first correction we note that J ∝ ǫ and
hence the first correction is proportional to J2, while we
fix the dependence on T and v using dimensional analysis:
P =
T
v
− d− 3
π(d − 2)v2 +
π(d− 1)16d
4ω2d−2(d− 2)2(d−1)
J2
v2(d−1)
+O(ǫ4) . (3.25)
When d = 4 this expression reduces to the one presented
in [16], albeit obtained in a different fashion. In princi-
ple by expanding to a sufficiently high order k, one can
algorithmically find the equation of state to an arbitrary
order in ǫ. However in the vicinity of the critical point the
exact P − v relation is “well approximated” by the first
three terms in (3.25); fig. 16 illustrates the situation for
d = 6. This allows us to study the properties of the criti-
cal point using the truncation (3.25). We shall comment
on the possible deviation beyond this approximation in
the end of this subsection. The Gibbs free energy can
likewise be obtained in the slow rotating expansion.
2. Critical point
The critical point {Pc, vc, Tc} of the truncated equation
of state (3.25) is obtained from solving
∂P
∂v
= 0 ,
∂2P
∂v2
= 0 , (3.26)
which yields
vc =
4
d− 2
[26π2(2d− 3)(d− 1)2J2
(d− 2)(d− 3)ω2d−2
] 1
2(d−2)
,
Tc =
4(d− 3)
π(2d− 3)
1
vc
, Pc =
d− 3
π(d− 1)
1
v2c
. (3.27)
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We note the critical ratio [cf. Eq. (2.20)]
ρc =
Pcvc
Tc
=
2d− 3
4(d− 1) , (3.28)
which reduces to ρc = 5/12 for d = 4 [16].
Introducing new variables
p =
P
Pc
, ν =
v
vc
, τ =
T
Tc
, (3.29)
the parameter J can be ‘scaled away’ and we obtain the
law of corresponding states of the form
p =
1
ρc
τ
ν
+ h(ν) , (3.30)
with ρc given by (3.28) and
h(ν) = − d− 1
ν2(d− 2) +
1
(d− 2)(2d− 3)ν2(d−1) . (3.31)
It was shown in [16] that when the law of corresponding
states takes the form (3.30) and 1− 16ρch(3)(1) > 0, which
in our case is satisfied, we recover the mean field theory
critical exponents
β =
1
2
, γ = 1 , δ = 3 . (3.32)
Moreover, since
S(T, v) =
ωd−2
[
v(d − 2)]d−2
4d−1
+O(ǫ4) , (3.33)
which implies that to cubic order in ǫ we have Cv =
T
(
∂S
∂T
)
v
= 0, and so the critical exponent α is
α = 0 , (3.34)
which also coincides with the mean field theory prediction
(1.13).
3. Remark on exact critical exponents in d = 4
So far we have studied the properties of the critical
point using the truncated equation of state (3.25). Al-
though this provides a good approximation to the exact
equation of state, the exact critical point will be shifted
from the preceding values and one may wonder whether
the critical exponents will be modified. We argue that
this is unlikely to happen. For simplicity, we limit our-
selves to d = 4.
For this purpose we approximate the exact equation
of state by the slow rotating expansion to a higher order
than (3.25), writing
P(d=4) =
T
v
− 1
2πv2
+
48J2
πv6
− 384J
4(7 + 8πTv)
(1 + πTv)2πv10
+
36864(13πTv+ 11)J6
πv14(1 + πTv)3
+O(ǫ8) . (3.35)
Near a critical point, it can be shown numerically that
this approximation to high precision reproduces the ex-
act equation of state. Since equation (3.35) does not
give rise to the law of the corresponding states of the
form (3.30) the critical exponents may, in principle, be
different. Similarly we have
S(d=4) =
πv2
4
− 192πJ
4
v6(1 + πTv)2
+
36864πJ6
v10(1 + πTv)3
+O(ǫ8)
(3.36)
to this same level of approximation. Using these two
equations, we have found numerically the critical point,
with ρc slightly different from 5/12, and (within the nu-
merical accuracy) confirmed it to be characterized by the
same critical exponents α = 0, β = 12 , γ = 1 , δ = 3 .
4. Ultraspinning expansion
In d ≥ 6 singly spinning spherical black holes admit
an interesting feature, the so called ultraspinning regime,
which is present already for asymptotically flat Myers–
Perry black holes [108]. This limit consists of rotating
the black hole faster and faster, while keeping its mass
and the cosmological constant fixed. Consequently, the
black hole horizon flattens, becomes pancake-like, and
the black hole enters the regime of black membrane-like
behaviour. For asymptotically flat Myers–Perry black
holes, the ultraspinning limit is achieved when the rota-
tion parameter a → ∞. In the presence of a negative
cosmological constant one instead considers a → l (for
an alternative see [109]), or, equivalently,
ǫ = Ξ
1
d−5 =
(
1− a
2
l2
) 1
d−5 → 0 . (3.37)
In this subsection we derive the form of the equation of
state and the Gibbs free energy employing the ultraspin-
ning expansion. As a by-product we obtain the ther-
modynamic volume of the ultraspinning membrane-like
black hole and demonstrate that it remains finite.
Similar to the slow rotating case discussed in the pre-
vious section, in the ultraspinning expansion we expand
in small parameter ǫ, (3.37), while we keep the pressure
P and the mass M of the black hole fixed.
We again solve the equation
4πMΞ2
ωd−2
(
1 + d−42 Ξ
) = m = 1
2
rd−5+ (r
2
+ + a
2)
(
1 +
r2+
l2
)
,
(3.38)
to find the expansion
r+ = r2ǫ
2 +
k∑
I=3
rIǫ
I , r2 =
(
8πM
l2ωd−2
) 1
d−5
, (3.39)
up to some order k ; the rI are calculable functions of M
and l. Plugging this solution into the expressions for J ,
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T and V in (3.17), we find the following expansions:
J =Ml+
∑
I=1
JIǫ
I ,
T =
d− 5
4πr2ǫ2
+
∑
I=−1
TIǫ
I ,
v =
4
d− 2
[
8πMl2
ωd−2(d− 2)
] 1
d−1
+
∑
I=1
vIǫ
I , (3.40)
while P is given by (1.1). Here {JI , TI , vI} are calculable
functions of l and M . We note that in the ǫ → 0 limit,
the radius of the horizon r+ → 0 and the temperature
diverges, whereas both the (specific) volume as well the
angular momentum remain finite. We also find
A = ωd−2l
2ǫd−3rd−42 + o(ǫ
d−3) , (3.41)
and hence the number of degrees of freedom associated
with the horizon, N ∝ A/l2P vanishes.
To find the equation of state P = P (v, T, J), as well as
other quantities, to any order in ǫ, we proceed algorith-
mically, as in the case of the slow rotating expansion. In
particular, to the zeroth order we find
P =
4π
(d− 1)(d− 2)
J2
V 2
+ . . .
=
π(d− 1)16d
4ω2d−2(d− 2)2d−1
J2
v2(d−1)
+ . . . . (3.42)
We note the interesting coincidence that this expression
coincides with the 3rd term in slow rotation expansion
(3.25). Higher-order terms depend crucially on the num-
ber of dimensions. For example, the next term in the
expansion (3.39) reads
d < 9 : rd−3 = r2
6− d
2(d− 5) ,
d = 9 : r6 = −r2
(3
8
+
r22
2l2
)
,
d > 9 : r6 = − 2r
3
2
l2(d− 5) , (3.43)
and we observe dimension-dependent ‘branching’.
For this reason, we give up on finding a general ex-
pression and provide rather the expanded equations of
state and the Gibbs free energies in selected dimensions
(d = 6, 7, 8, 9 and 10). The first three non-trivial terms
in the expansion of equation of state read
P6 =
πJ2
5V 2
−
√
5ω4
16
√
π3V T
+
9
√
5ω4J
2
3200
√
π3V 5T 5
,
P7 =
2πJ2
15V 2
−
√
30ω5
32
√
π4V T 2
+
√
30ω5J
2
300
√
π4V 5T 6
,
P8 =
2πJ2
21V 2
− 9
√
14ω6
128
√
π5V T 3
+
135
√
14ω5J
2
12544
√
π5V 5T 7
,
P9 =
πJ2
14V 2
−
√
7ω7
4
√
2π6V T 4
+
9
√
ω7J
2
28
√
14π6V 5T 8
, (3.44)
P10 =
πJ2
18V 2
− 75
√
5ω8
128
√
2π7V T 5
+
4375
√
5ω8J
2
36864
√
2π7V 5T 9
.
Similarly, for the Gibbs free energy we find
G6 =
2
√
5πPJ
5
+
5
1
4
√
ω4J
8π
√
T (πP )
1
4
− 5ω4
1024π3TP
,
G7 =
2
√
30πPJ
15
+
23/4151/4
√
ω5J
16π7/4P 1/4T
− 15ω5
2048π4PT 2
,
G8 =
2
√
42πPJ
21
+
63/471/43
√
ω6J
64π9/4P 1/4T 3/2
− 567ω6
32768π5PT 3
,
G9 =
√
2πPJ√
7
+
141/4
√
Jω7
4π11/4P 1/4T 2
+
3
√
ω7J14
1/4P 3/4
14π15/4T 4
− 7ω7
128π6PT 4
,
G10 =
1
3
√
2πPJ +
25
√
1521/4
√
Jω8
128π13/4P 1/4T 5/2
+
4375
√
1521/4P 3/4
√
Jω9
18432π17/4T 9/2
. (3.45)
We display the two expansions, the slow rotating one
and the ultraspinning one together with the exact quan-
tities in fig. 16.
5. Ultraspinning limit: black membranes
The full ultraspinning limit, in which ǫ given by (3.37)
actually equals zero, is obtained by keeping only the dom-
inant terms in the ultraspinning expansion (3.40)–(3.41).
For Kerr-AdS black holes this was studied in [110] (see
also [109] for an alternative approach). As noted above,
in this limit the black hole horizon radius shrinks to zero,
the black hole temperature becomes infinite, the angular
momentum and the (specific) thermodynamic volume re-
main finite, and the horizon area (and hence also the en-
tropy) shrinks to zero; the angular velocity of the horizon
goes as ΩH l → 1.
These ultraspinning black holes share many properties
with black membranes, including the Gregory–Laflamme
instability [108]. In fact, when the limit is accompanied
with the following change of coordinates:
τ =
t
ǫ2
, ρ =
r
ǫ2
, σ = ǫ
7−d
2 l sin θ , (3.46)
together with defining µ = 8piMωd−2l2 , the ultraspinning
black hole metric becomes (up to a constant conformal
prefactor) that of a black membrane [110]:
ds2M = −fdτ2 +
dρ2
f
+ dσ2 + σ2dϕ2 + ρ2dΩ2d−4 ,
f = 1− µ
ρd−5
. (3.47)
We emphasize again that the thermodynamic volume re-
mains finite and reads
V =
8πMl2
(d− 1)(d− 2) . (3.48)
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At the same time the area of the black hole vanishes
according to (3.41). This implies that in the full ultra-
spinning limit the isoperimetric ratio (1.7) diverges to
infinity:
R →∞ . (3.49)
Since TS = O(ǫd−5), the Gibbs free energy is
G =M =
√
16πP
(d− 1)(d− 2)J , (3.50)
while the equation of state takes interesting form
P =
4π
(d− 1)(d− 2)
J2
V 2
. (3.51)
We shall see in Sec. VI that exactly the same equation of
state is valid for the ultraspinning black rings.
6. Equal spinning AdS black holes
Let us briefly mention how the equation of state gets
modified for the equal spinning Kerr-AdS black holes.
Equal spinning Kerr-AdS black holes are characterized
by N = (d− ε− 1)/2 equal angular momenta,
J1 = J2 = · · · = JN = J . (3.52)
In this case the symmetry of the spacetime is significantly
enhanced and the general metric (3.2) and its thermo-
dynamic characteristics (3.6)–(3.8) simplify considerably.
For example, the thermodynamic volume now reads
V =
r+A
d− 1
[
1 +
Na2
Ξ
1 + r2+/l
2
(d− 2)r2+
]
. (3.53)
As mentioned above, the Gibbs free energy exhibits a
classical swallowtail, see fig. 10, with a critical point at
(Tc, Pc) and the corresponding equation of state mimics
the Van der Waals behaviour.
Repeating the procedure for the slow rotation expan-
sion, al → 0, as we did for the singly spinning case, we
recover
P =
T
v
− d− 3
π(d− 2)v2 +
π(d− 1)2−ε16d
8ω2d−2(d− 2)2(d−1)−ε
J2
v2(d−1)
+O
[
(a/l)4
]
. (3.54)
The equation of state (3.54) admits a critical point at
vc =
4
d− 2
[ 26π2
ω2d−2
2d− 3
d− 3
(d− 1)3−ε
(d− 2)1−εJ
2
] 1
2(d−2)
,
Tc =
4(d− 3)
π(2d− 3)
1
vc
, Pc =
d− 3
π(d− 1)
1
v2c
. (3.55)
The critical ratio reads ρc =
Pcvc
Tc
= 2d−34(d−1) , and is the
same as for singly spinning case, (3.28). Also the critical
exponents of (3.54) remain as predicted by the mean field
theory, (1.13).
E. An analogue of triple point and solid/liquid/gas
phase transition
We now turn to a study of the thermodynamic be-
haviour of multi-spinning d = 6 Kerr-anti de Sitter black
holes with two fixed (non-trivial) angular momenta J1
and J2. Following [26], depending on the ratio
q = J2/J1 , (3.56)
we find qualitatively different interesting phenomena
known from the ‘every day thermodynamics’ of simple
substances. In addition to the large/small/large reen-
trant phase transition seen for q = 0 in previous sub-
sections, we find for 0 < q < 0.00905 an analogue of
a ‘solid/liquid’ phase transition. Furthermore, the sys-
tem exhibits a large/intermediate/small black hole phase
transition with one triple and two critical points for
q ∈ (0.00905, 0.0985). This behaviour is reminiscent of
the solid/liquid/gas phase transition although the coexis-
tence line of small and intermediate black holes does not
continue for an arbitrary value of pressure (similar to
the solid/liquid coexistence line) but rather terminates
at one of the critical points. Finally, for q > 0.0985 we
observe the ‘standard liquid/gas behaviour’ of a Van der
Waals fluid.
Specifying to d = 6, we consider the Gibbs free en-
ergy G = G(P, T, J1, J2), obtained from the expression
(3.14) by eliminating parameters (l, r+, a1, a2) in favor of
(P, T, J1, J2) using Eqs. (3.6), (3.7) and (1.1). An ana-
lytic solution is not possible since higher-order polynomi-
als are encountered and so we proceed numerically: for a
given P, r+, J1 and J2, we solve Ji equations in (3.6) for
a1 and a2 and thence calculate the values of T and G us-
ing (3.7) and (3.14), yielding a G−T diagram. Once the
behaviour of G is known, we compute the corresponding
phase diagram, coexistence lines, and critical points in
the P − T plane. We display our results in figs. 17–19.
Since the qualitative behaviour of the system depends
only on q = J2/J1 we set everywhere J1 = 1.
1. Solid/liquid analogue
For 0 < q < q1 ≈ 0.00905 the behaviour of G, dis-
played for q = 0.005 in fig. 17, completely changes to
the q = 0 behaviour discussed in the previous subsec-
tion, cf. figs. 11 and 12. Namely the unstable branch of
tiny hot black holes on the right of the G − T diagram
in fig. 11 disappears and a new branch of (locally) stable
tiny cold black holes appears to the left. The q = 0 ‘no
black hole region’ is eliminated and the situation is very
similar to what happens when a small charge is added to
a Schwarzschild black hole, cf. Sec. II. The zeroth-order
phase transition is ‘replaced’ by a ‘solid/liquid’-like phase
transition of small to large black holes. Although in this
range of angular momenta G admits two critical points
(one at P = Pc and another at P = Pv < Pc), only the
one at P = Pc occurs for stable black holes that minimize
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FIG. 17. Gibbs free energy for q = 0.005 Kerr-AdS black
hole in d = 6 is displayed for decreasing pressures (from top to
bottom). The horizon radius r+ increases from left to right.
The uppermost isobar corresponds to P = Pc = 4.051; for
higher pressures only one branch of (stable) black holes with
positive CP exists. The second uppermost isobar displays the
swallowtail behaviour and implies the existence of a first order
phase transition. For P = Pv ≈ 0.0958 another critical point
emerges but occurs for a branch that does not minimize G
globally. Consequently, out of the two swallowtails for P <
Pv only one occurs in the branch globally minimizing G and
describes a ‘physical’ first order phase transition.
G globally. Consequently we observe one phase transition
between small and large black holes. The corresponding
coexistence line (not displayed) terminates at a critical
point characterized by (Tc, Pc) and is qualitatively simi-
lar to fig. 9. As q decreases, the critical point occurs for
larger and larger pressures Pc and temperatures Tc and in
the limit q → 0 we find ‘an infinite’ coexistence line, sim-
ilar to what happens for a solid/liquid phase transition.
This is indicated in fig. 20.
2. Triple point and solid/liquid/gas analogue
For fixed q1 < q < q2 ≈ 0.0985 a new phenomenon oc-
curs: for a certain range of pressures we observe two swal-
lowtails in the stable branch of black holes, see fig. 18,
corresponding to a small/intermediate/large black hole
phase transition. As pressure decreases, the two swal-
lowtails move closer together until, at P = Ptr, the cor-
responding first order phase transitions coincide—giving
a triple point. Below Ptr, only one of the first order
phase transitions continues to occur in a stable branch.
The whole situation is reminiscent of the solid/liquid/gas
phase transition.
Let us describe in more detail what happens for fixed
q = 0.05 as pressure decreases, illustrated in figs. 18
and 19. For very large pressures there are no swallow-
tails and only one branch of locally stable black holes
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FIG. 18. Gibbs free energy for q = 0.05 Kerr-AdS black
hole in d = 6 is displayed for various pressures (from top to
bottom) P = 0.260, 0.170, 0.087, 0.0642, 0.015. The horizon
radius r+ increases from left to right. The uppermost isobar
corresponds to P = Pc1 = 0.260; for higher pressures only
one branch of stable black hole with positive CP exists. The
second uppermost isobar displays the swallowtail behaviour,
implying a first order phase transition. The third isobar cor-
responds to P between Pc2 = 0.0957 and Pc1 for which we
have ‘two swallowtails’. For such pressures there are two first
order phase transitions. The fourth isobar displays the tricrit-
ical pressure Ptr = 0.0642 where the two swallowtails ‘merge’
and the triple point occurs. Finally the lower-most isobar
corresponds to P < Ptr.
with positive CP exists. Decreasing the pressure, at
P = Pc1 ≈ 0.260 a critical point occurs; slightly be-
low Pc1 we observe a first order phase transition between
large and small black holes. This continues to happen
until at P = Pc2 ≈ 0.0957 we observe another critical
point. Slightly below Pc2 the system exhibits two swal-
lowtails in the stable branch of black holes and thence
two first order phase transitions between various size
black holes are present: from small to intermediate and
from intermediate to large. As P decreases even further,
the two swallowtails move closer to each other, until at
P = Ptr ≈ 0.0642 the corresponding first order phase
transitions coincide—we observe a triple point. Below
Ptr only one of the first order phase transitions continues
to occur in the stable branch of black holes. The corre-
sponding P −T phase diagram displaying all the features
is depicted in fig. 19; in many respects it is reminiscent
of a solid/liquid/gas phase diagram.
So far we considered a fixed parameter q = 0.05. Let
us now look at what happens as we allow q to vary, see
fig. 20. We already know that for q < q1 we observe one
first order phase transition terminating at a critical point
characterized by (Tc1 , Pc1), as described in the previous
subsection. Qualitatively new feature occurs at q = q1:
a triple point and a second critical point emerge from
the coexistence line at Ptr = Pc2 ≈ 0.09577 and Ttr =
Tc2 ≈ 0.30039. As q increases, the triple point moves
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FIG. 19. P −T diagram for q = 0.05. The diagram is anal-
ogous to the solid/liquid/gas phase diagram. Note however
that there are two critical points. That is, small/intermediate
black hole coexistence line does not extend to infinity but
rather terminates, similar to the “liquid/gas” coexistence line,
in a critical point.
away from the second critical point; the values of Ttr
and Ptr decrease, while the values of Tc2 and Pc2 almost
do not change. A small/intermediate/large black hole
phase transition may occur and the situation resembles
that of the solid/liquid/gas phase transition. At the same
time as q increases, the first critical point moves towards
the triple point (Pc1 rapidly decreases). At q = qeq ≈
0.08121 both critical points occur at the same pressure
Pc1 = Pc2 ≈ 0.0953, whereas Tc1 ≈ 0.2486 < Tc2 ≈
0.2997. Increasing q even further, the first critical point
moves closer and closer to the triple point and finally for
q = q2 ≈ 0.0985 the two merge at Ptr = Pc1 ≈ 0.049.
Above q2 only the second critical point remains.
We remark that, similar to the reentrant phase tran-
sition, the analogue of a solid/liquid/gas phase transi-
tion as well as of the triple point occurs for any fixed
P in the allowed range. Once again, the possibility for
an AdS/CFT interpretation emerges: a corresponding
phase transition may occur in the dual CFT within the
allowed range of N . To stress this point we plot in
fig. 21 a q − T phase diagram, showing the existence of
small/intermediate/large black hole phase transition and
the corresponding triple point for a fixed pressure.
3. Van der Waals behaviour
For q > q2 only one small/large black hole coexis-
tence line exists and terminates at a corresponding crit-
ical point. We observe an analogue of a Van der Waals
‘liquid/gas’ phase transition.
In fact, the situation is a little more subtle. For q2 <
q < q3 ≈ 0.1274, similar to the ‘solid/liquid analogue’,
the second critical point still exists, but occurs for the
locally unstable branch of black holes with negative heat
qeq q2q1
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FIG. 20. Critical pressures and variable q. Depend-
ing on the value of q, we observe one critical point or two
critical points and one triple point. This figure displays the
corresponding Pc1 , Pc2 , and Ptr. For q < q1 only one critical
point occurs: as q → 0, Pc1 rapidly diverges to infinity and
the coexistence line becomes infinitely long—this is an ana-
logue of a solid/liquid phase transition. Between q1 and q2
we observe two critical points at Pc1 and Pc2 , displayed by
solid thick black line and thin dashed line respectively, and a
triple point displayed by the red solid curve. As q increases,
Pc1 rapidly decreases until it meets Ptr at q = q2 where it
terminates; in between there exists q = qeq where Pc1 = Pc2 .
Above q2 only the second critical point at Pc2 exists.
capacity that does not globally minimize the Gibbs free
energy. Hence, only one phase transition is physical. For
q > q3 this second critical point completely disappears.
In both cases we observe a ‘standard liquid/gas’ Van der
Waals phase transition, qualitatively similar to d = 4, 5
case and the case of equal spinning Kerr-AdS black holes
in any dimension d ≥ 5.
IV. MYERS–PERRY SOLUTIONS
We now turn to consider the d-dimensional multi-
rotating black holes with spherical horizon topology for
which the cosmological constant and hence the pressure
vanishes, described by the Myers–Perry solution [104].
The most interesting observation is that even in this
asymptotically flat case we find that reentrant phase
transitions can take place.
The Myers-Perry (MP) solutions are the most general
rotating black hole solutions (with zero NUT charge) to
the vacuum Einstein equations (Rab = 0) of spherical
horizon topology in d-dimensions [104]. The metric as
well as its associated thermodynamic quantities, partic-
ularly thermodynamic volume, can be obtained as the
Λ → 0 (or l → ∞) limit of the general Kerr-AdS case
discussed in previous section. In Boyer–Lindquist coor-
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FIG. 21. Kerr-AdS analogue of solid/liquid/gas phase
transition in q − T plane. The diagram is displayed for
fixed pressure l ≈ 2.491.
dinates the metric reads
ds2 = −dτ2 + 2m
U
(
dτ −
N∑
i=1
aiµ
2
i dϕi
)2
+
Udr2
F − 2m
+
N∑
i=1
(r2 + a2i )µ
2
i dϕ
2
i +
N+ε∑
i=1
(r2 + a2i )dµ
2
i , (4.1)
where as before ε = (1, 0) refers to (even, odd) spacetime
dimensionality,
F = rε−2
N∏
i=1
(r2+a2i ) , U = F
(
1−
N∑
i=1
a2iµ
2
i
r2 + a2i
)
, (4.2)
and the thermodynamic quantities are given by [104]
M =
mωd−2(d− 2)
8π
, Ji =
aimωd−2
4π
, Ωi =
ai
r2+ + a
2
i
,
A =
ωd−2
r1−ε+
N∏
i=1
(a2i + r
2
+) , V =
r+A
d− 1
(
1+
1
d− 2
N∑
i=1
a2i
r2+
)
,
T =
1
2π
( N∑
i=1
r+
a2i + r
2
+
− 1
2εr+
)
, S =
A
4
. (4.3)
The thermodynamic volume is the l →∞ limit of (3.8).
It inherits the property of obeying the reverse isoperimet-
ric inequality (1.9), provided in (1.7) we identify A = A
and V = V .
A. Five-dimensional case
Let us first consider the d = 5 MP black hole solution,
which in general admits two angular momenta J1 and J2.
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FIG. 22. Gibbs free energy: d = 5 MP black holes.
The lower curve corresponds to the singly-spinning (q = 0)
MP black hole whereas the upper curve is for equal spinning
(q = 1) one. The qualitative behaviour remains the same
irrespective of the value of q and is similar to d = 4 Kerr case,
cf. fig. 2.
As with the Kerr-AdS case, we consider the ratio
q = J2/J1 , (4.4)
and set J1 = 1. As shown in fig. 22, we find that the
Gibbs free energy shares qualitatively the same behaviour
with the d = 4 Kerr metric for any value of 0 ≤ q ≤
1. Namely, two branches of black holes exist below the
critical temperature at the cusp in G and no black holes
are possible above this temperature. The lower, “fast
spinning” branch of small black holes corresponds to the
global minimum of the Gibbs free energy and possess
positive CP . The upper, “Schwarzschild-like”, branch of
slowly spinning large black holes is thermodynamically
unstable.
B. Reentrant Phase Transition
Next we consider the d = 6 MP solution with two angu-
lar momenta J1 and J2. As before, we consider the ratio
(4.4) and without loss of generality set J1 = 1. We now
observe various phenomena reflected in the behaviour of
the Gibbs free energy for various values of q, as shown
in fig. 23. For q = 0 we observe a singly branch of ther-
modynamically unstable black holes with negative CP ;
qualitatively same behaviour occurs for singly spinning
MP black holes in all d ≥ 6. For larger values of q more
interesting phase behaviour occurs.
For 0 < q < qt ≈ 0.1082 a new branch of small ther-
modynamically stable black holes appears, similar to the
Kerr case in d = 4, except there is a swallowtail in the
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FIG. 23. Reentrant phase transition: d = 6 doubly spinning MP black hole. The Gibbs free energy is displayed
for various ratios of angular momenta q = J2/J1 = {0, 0.05, 0.1082, 0.112, 0.11715, 0.122, 0.1278, 0.5, 1} (from top to bottom).
Solid-red/dashed-blue lines correspond to CP positive/negative respectively. Picture a) shows the thermodynamically unstable
branch of q = 0 black holes with negative CP ; qualitatively similar behaviour occurs for singly spinning MP black holes in all
d ≥ 6. When a second angular momentum is switched on, picture b), a new branch of small thermodynamically stable black
holes appears, similar to the d = 4 Kerr case. At q = qt ≈ 0.1082, picture c), the swallowtail in the upper unstable branch
touches the lower stable branch, and we observe the appearance of a reentrant phase transition. Picture d) displays typical
behaviour of G when the reentrant phase transition is present, q ∈ (qt, qz), qz ≈ 0.11715. Black arrows indicate increasing
r+. If we start increasing the temperature from, say T = 0.186, the system follows the lower left horizontal solid red curve,
describing small black holes. At T = T1 it undergoes a first order phase transition and follows the lowest stable branch of large
black holes until, at T = T0, this branch terminates. At this point the system ‘jumps’ to the former upper stable branch of
small black holes. In other words, we observe an SBH/LBH/SBH reentrant phase transition. Picture e) shows q = qz at which
the reentrant phase transition terminates, while the first order phase transition at T = T1 is still present. The first order phase
transition continues to occur, pictures f) and g), until at q = qc ≈ 0.1278 we observe a critical point at Tc ≈ 0.18577. Above
qc the system displays ‘Kerr-like’ behaviour with no phase transitions.
upper unstable branch of large black holes. In this range
of q’s the global minimum of G corresponds to small fast
spinning black holes that exist up to some maximum tem-
perature Tmax. Above this temperature no black holes are
possible; this ‘no black hole region’ is shown in fig. 24. At
q = qt ≈ 0.1082, fig. 23 c), the swallowtail in the upper
unstable branch reaches the lower stable branch and we
observe the entrance of reentrant phase transition.
The typical behaviour of G for q ∈ (qt, qz) is displayed
in fig. 23 d) and indicates the presence of the reentrant
phase transition. Following this figure, if we start increas-
ing the temperature from, say T = 0.186, the system fol-
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FIG. 24. q − T phase diagram: d = 6 MP black holes.
The first order phase transition between small and large black
holes is displayed by solid black curve; it terminates at a crit-
ical point characterized by (Tc, qc). The solid red curve cor-
responds to the 0th-order phase transition between large and
intermediate (small) black holes; it occurs for q ∈ (qt, qz) and
T ∈ (Tt, Tz). In this range of q’s reentrant phase transition is
possible. The ‘no BH region’ is outlined by thin dashed black
curve.
lows the lower left horizontal solid red curve, describing
small black holes. At T = T1 it undergoes a first order
phase transition and follows the lowest stable branch of
large black holes until, at T = T0, there is a cusp in G and
this branch terminates. Beyond the cusp, as the temper-
ature increases even further, there is a discontinuity in
the global minimum of G, yielding a zeroth-order phase
transition to the upper red branch of small black holes.
In other words, we observe a SBH/LBH/SBH reentrant
phase transition. This reentrant phase transition, how-
ever, stands in contrast to the situation in the Kerr-AdS
case discussed in the previous section, cf. graphs 12, 13,
14. In the Kerr-AdS case the black holes undergoing
the reentrant phase transition were singly spinning, the
phase transition was of the LBH/SBH/LBH type with
T0 < T1 and the ‘no black hole region’ occurred for small
temperatures, whereas in the MP case the black holes
must be doubly spinning, the phase transition is of the
SBH/LBH/SBH type with T1 < T0, and the ‘no black
hole region’ occurs for high temperatures.
The reentrant phase transition terminates at q = qz ≈
0.11715 as shown in fig. 23 e). In between qz and qc ≈
0.1278 there is a first order SBH/LBH phase transition
illustrated in fig. 23 f). This transition terminates at a
critical point at Tc ≈ 0.18577, fig. 23 g). Above qc, figs.
h) and i), the system displays ‘Kerr-like’ behaviour with
no phase transitions. The overall situation is summarized
in the q − T phase diagram in fig. 24.
The important lesson of this section is that we showed
that the reentrant phase transition can take place in black
hole spacetimes without the cosmological constant, that
is, when the system has zero pressure. A gauge/gravity
interpretation of this phenomenon, similar to the asymp-
totically AdS case, remains to be explored.
V. FIVE-DIMENSIONAL BLACK RINGS AND
BLACK SATURNS
In this section we look at the thermodynamics of other
analytically known d = 5 black hole objects with horizon
topologies more complicated than spherical, specifically
singly spinning black rings and black saturns. Unfor-
tunately, due to the lack of a generating technique for
Λ 6= 0, only vacuum solutions are known. For this reason,
there is no effective thermodynamic way to calculate the
thermodynamic volume and the fluid equation of state
is trivial; we limit ourselves to studying the Gibbs free
energy for these objects and comparing it to the Gibbs
free energy of the d = 5 MP solution. In the next section
we shall try to circumvent the lack of knowledge of exact
asymptotically AdS black ring solutions by considering
the approximate thin AdS black rings constructed via
the blackfold approach. In the given (fast spinning ap-
proximation) this will allow us to calculate the thermody-
namic volume, verify the reverse isoperimetric inequality,
and construct the corresponding equation of state.
A. Singly Spinning Black Ring
The exact solution for a singly spinning black ring in
five dimensions was constructed by Emparan and Reall
[111] and reads
ds2 = −F (y)
F (x)
(
dt−R
√
λ(λ − ν)1 + λ
1 − λ
1 + y
F (y)
dφ2
)2
+
R2F (x)
(x− y)2
( dx2
G(x)
+
G(x)
F (x)
dφ21 −
G(y)
F (y)
dφ22 −
dy2
G(y)
)
,
(5.1)
where
F (ξ) = 1 + λξ , G(ξ) = (1− ξ2)(1 + νξ) . (5.2)
The dimensionful constant R sets a scale for the solu-
tion. The absence of conical singularities fixes λ and the
periodicity of φ1 and φ2,
λ =
2ν
1 + ν2
, 0 ≤ φ1, φ2 ≤ 2π
√
1− λ
1− ν , (5.3)
while the remaining dimensionless parameter ν lies in the
range ν ∈ (0, 1). The coordinates x and y are restricted
to the ranges −1 ≤ x ≤ 1 and −1/ν ≤ y < −1; the event
horizon is located at y = −1/ν.
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FIG. 25. Gibbs free energy: black ring vs. black hole.
The Gibbs free energy of black rings is compared to the Gibbs
free energy of an MP black hole for J = 1. For temperatures
below Tr we observe three branches of black holes: small MP
black holes displayed by thick solid red curve have positive CP
and the lowest Gibbs free energy, fat black rings (depicted by
the thick black solid curve slightly above the red curve) have
positive CP and are locally thermodynamically stable, and
large MP black holes (upper branch depicted by the thin blue
dashed curve) with negative CP . Above Tr black holes are
no longer possible (G has a cusp there) and only a branch of
thin black rings (displayed by a thick solid blue curve) with
CP < 0 exists. The approximate thin black ring solution,
constructed using the blackfold approach in the next section,
is displayed by the thin dashed black curve. We observe that
the approximation works well for high temperatures, whereas
it is completely off for low temperatures. We also note that
the exact Gibbs free energy is actually lower than the one
given by the blackfold approximation.
The thermodynamic quantities are given by
M =
3πR2ν
2(1− ν)(1 + ν2) ,
J =
πνR3√
2
(
1 + ν
(1 − ν)(1 + ν2)
)3/2
, Ω =
1
R
√
λ− ν
λ(1 + λ)
,
T =
(1− ν)√1 + ν2
4
√
2πνR
, S =
2
√
2π2R3ν2
(1− ν)(1 + ν2)3/2 =
A
4
,
CP =
12
√
2π2(ν − 1/2)ν2√1 + ν2
(1− ν)(2 + ν2)(1 + ν2)2 R
3 , (5.4)
and using (5.3) it is straightforward to show that the
Smarr relation (1.5) holds. From the behaviour of the
heat capacity we see there is a clear distinction between
‘fat’ black rings with ν > 1/2 and CP > 0, and ‘thin’
black rings with ν < 1/2 and CP < 0.
It is not by any means obvious that the two kinds
of black objects, the spherical MP black hole and the
toroidal black ring, may be treated as “two phases” of
the same system. Notwithstanding this concern, we plot
the Gibbs free energy for the black ring
G =M − TS = πR
2ν(2 + ν)
2(1 + ν2)(1− ν) (5.5)
parametrically in fig. 25, for J = 1, comparing it to the
Gibbs free energy of the d = 5 singly spinning asymptot-
ically flat MP black hole. We observe the following inter-
esting behaviour. There exists a special temperature Tr
at which the branch of fat (ν > 1/2) black rings termi-
nates and is smoothly joined by the branch of thin black
rings. At exactly the same temperature, G of MP black
holes has a cusp. For temperatures below Tr we observe
three branches of black holes: small MP black holes with
positive CP and the lowest Gibbs free energy, fat black
rings with slightly higher Gibbs free energy and positive
specific heat, and large MP black holes with the highest
G and negative CP , cf. q = 0 curves in fig. 22. Above
Tr black holes are no longer possible and only a branch
of thin black rings with negative CP exists. We remark
that very thin black rings are expected to be classically
unstable due to the Gregory–Laflamme instability.
Our considerations imply that spherical black holes are
thermodynamically preferable to fat black rings. This is
supported by the study of the horizon areas, e.g., [111–
116]. It is an open question as to whether there actually
might be a phase transition from fat black rings to small
MP black holes. Likewise one can ask if all thin rings,
besides being thermodynamically unstable, are also clas-
sically unstable, see [117]. If so then are the small MP
solutions the only stable vacuum black holes in five di-
mensions?
B. Black Saturn
This exact multi-black hole solution was constructed
by Elvang and Figueras [118] and its ‘phases’ and the
first law were studied in [114]. The solution consists of
a central rotating spherical black hole surrounded by a
black ring. The solution depends on one dimensionful
parameter L, and the dimensionless parameters 0 ≤ κ3 ≤
κ2 < κ1 ≤ 1. The thermodynamic quantities associated
with the two horizons are (using an abbreviation κˆi =
27
1− κi)
ΩBH =
1+κ2c
L
√
κ2κ3
2κ1
κ3κˆ1 − κ1κˆ2κˆ3c
κ3κˆ1 + κ1κ2κˆ2κˆ3c2
,
ΩBR =
1+κ2c
L
√
κ1κ3
2κ2
κ3 − κ2κˆ3c
κ3 − κ3(κ1 − κ2)c+ κ1κ2κˆ3c2 ,
SBH =
π2L3
(1 + κ2c)2
√
2κˆ31
κˆ2κˆ3
(
1 +
κ1κ2κˆ2κˆ3c
2
κ3κˆ1
)
,
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π2L3
(1 + κ2c)2
√
2κ2(κ2 − κ3)3
κ1(κ1 − κ3)κˆ3 ×
×
(
1− (κ1 − κ2)c+ κ1κ2κˆ3c
2
κ3
)
, (5.6)
TBH =
1
2πL
√
κˆ2κˆ3
2κˆ1
(1 + κ2c)
2
1 + κ1κ2κˆ2κˆ3κ3κˆ1 c
2
,
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2πL
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2
1− (κ1 − κ2)c+ κ1κ2κˆ3κ3 c2
,
whereas the ADM massM and angular momentum J are
M =
3πL2
4κ3(1 + κ2c)2
(
κ3(κˆ1 + κ2)− 2κ2κ3(κ1 − κ2)c
+κ2
[
κ1 − κ2κ3(κˆ2 + κ1)
]
c2
)
,
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,
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[
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+c2κ2κ3
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(κ1 − κ2)(κ1 − κ3) + κ1(κˆ2 + κ1 − κ3)
]
−c3κ1κ2
[
κ1 − κ2κ3(κ1 − κˆ2 − κˆ3)
])
, (5.7)
and a generalization of the Smarr formula (1.5) ,
3
2
M = TBRSBR+TBHSBH+ΩBRJBR+ΩBHJBH (5.8)
is again satisfied [118]. The absence of conical singulari-
ties requires
c =
1
κ2
(
ε
κ1 − κ2√
κ1κˆ2κˆ3(κ1 − κ3)
− 1
)
, (5.9)
with ε = +1 when c > −1/κ2 and ε = −1 when c <
−1/κ2; c = −1/κ2 is nakedly singular.
To ensure thermodynamic and mechanical equilibrium,
we require
T ≡ TBH = TBR , Ω ≡ ΩBH = ΩBR . (5.10)
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FIG. 26. Gibbs free energy: 5d vacuum black holes.
The Gibbs free energy of black saturn in thermodynamic and
mechanical equilibrium (red curve) is compared to the Gibbs
free energy of black ring (blue curve) and the MP spheri-
cal black hole (black curve). For temperatures below Tr, all
three branches are possible, however, the spherical black hole
branch globally minimizes the Gibbs free energy. We have set
J = 1.
This eliminates two of the dimensionless parameters,
leaving one; let us say κ2. In this case the system can be
assigned a “total” Gibbs free energy
G(T, J) =M − T (SBH + SBR) . (5.11)
As with the black ring, this can be plotted parametrically.
We display the result in fig. 26, where it is compared to
the Gibbs free energy of an MP black hole and black ring.
Similar to the discussion in the previous subsection, when
treated as different phases of one thermodynamic system,
the spherical black hole phase is preferable in the range
of temperatures T ∈ (0, Tr) whereas the stability of the
other black objects at higher temperatures is not known.
VI. THIN BLACK RINGS IN ADS
A. Review of the construction
Following [110] we briefly recapitulate the perturbative
construction of an asymptotically AdS d ≥ 5 singly spin-
ning thin black ring with horizon topology S1 × Sd−3
using the blackfold approach [78, 115]. Such a ring is
characterized by the two radii R, corresponding to S1,
and r0, associated with S
d−3. The idea of the construc-
tion is to “bend” a straight thin boosted black string of
width r0 into a circular shape of radius R. In the far
region the ring is described by a distributional source
of energy-momentum of a boosted string in the given
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FIG. 27. Gibbs free energy: thin AdS black rings vs.
Kerr-AdS black holes in d = 6. The Gibbs free energy of
thin black rings in the blackfold approximation is displayed
for P = {0.2, 0.073, 0.0564, 0.04} (the upper blue, red, black,
and green curves that emerge from the left top corner) and
is compared to the corresponding exact Gibbs free energy of
Kerr-AdS black holes for the same pressures, cf. fig. 11. For
large temperatures the branch of large Kerr-AdS black holes is
thermodynamically preferred, whereas in the regime of small
temperatures we cannot trust our blackfold approximation.
(global) AdSd background
ds2 = −fdτ2+ dρ
2
f
+ρ2(dθ2+sin2θdΩ2d−4+cos
2θdψ2) ,
f = 1 +
ρ2
l2
, (6.1)
placed at ρ = R on the θ = 0 plane. The magnitude of
the boost of the string is determined from the equilibrium
condition [119] and provides the correct centrifugal force
to balance the ring tension and the AdS gravitational
potential. Once the correct magnitude of the boost is
known,14 one can calculate the asymptotic charges using
the energy momentum distribution. This gives the mass
M and the angular momentum J of the ring. On the
other hand the properties of the horizon, such as its area,
angular velocity, or temperature, are determined from
the characteristics of the boosted black string, as we shall
point out below. Once constructed, the solution is valid
provided the following approximation holds:
r0 << min(R, l) . (6.2)
14 Due to the presence of the cosmological constant the boost in-
creases with the radius R of the ring and approaches the speed
of light in the limit R→∞.
This condition will play an important role in our discus-
sion of the equation of state for these rings. Note that
there is no restriction on the relation between R and l
and so both large and small (with respect to the AdS
radius) black rings are possible.
B. Thermodynamics
In terms of the dimensionless parameter
R =
R
l
, (6.3)
the thermodynamic quantities associated with the per-
turbative solution for a thin black ring in AdS are [110]
M =
rd−40 l
8
ωd−3(d− 2)R
(
1 + R2
) 3
2 ,
J =
ωd−3r
d−4
0 l
2
R
2
8
√(
1 + (d−2)R2)(d−3 + (d−2)R2) ,
S =
1
2
πlrd−30 ωd−3R
√
d− 3 + (d− 2)R2
d− 4 =
A
4
,
Ω =
1
l
√
(1 + R2)(1 + (d− 2)R2)
R2(d− 3 + (d− 2)R2) ,
T =
(d− 4) 32√1 + R2
4πr0
√
d− 3 + (d− 2)R2 . (6.4)
The thermodynamic quantities of asymptotically flat thin
black rings in higher dimensions [115] are obtained from
these expressions by setting l →∞.
To plot the Gibbs free energy
G =
rd−40 lR
8
ωd−3
√
1 + R2
[
2 + (d− 2)R2
]
, (6.5)
for fixed J and P we eliminate r0 from the J equation,
r0 =
[ 128π
(d− 1)(d− 2)ωd−3
P
R2
J√
1 + (d− 2)R2
× 1√
d− 3 + (d− 2)R2
] 1
d−4
, (6.6)
to obtain G and T as functions of R, and plot paramet-
rically. The behaviour of G for a thin AdS black ring
in d = 6 is illustrated in fig. 27 where it is compared
to the corresponding Gibbs free energy of a singly spin-
ning Kerr-AdS black hole. We observe that in the region
of high temperature, where the blackfold approximation
is valid, large Kerr-AdS black holes are thermodynam-
ically preferred to thin AdS black rings. In the regime
of small temperatures we cannot trust the blackfold ap-
proximation and the corresponding curve is unphysical.
The Gibbs free energy of asymptotically flat thin rings
is discussed in the next section, where it is compared to
the Gibbs free energy of an MP black hole, leading to
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a more interesting behaviour and a possible phase tran-
sition between black holes and black rings as shown in
fig. 29.
The specific heat of AdS black rings can be analyzed in
the same way as for black holes. We find that in a given
approximation CP is always negative. Hence higher-
dimensional AdS thin black rings in this (fast spinning)
approximation are thermodynamically unstable. We ex-
pect that this may not be longer true for the full, not
necessarily thin, exact black ring solution, and perhaps
‘fat AdS ring analogues’ with positive CP exist in higher
dimensions, cf. discussion of d = 5 exact asymptotically
flat black rings in the previous section.
C. Thermodynamic volume
Using the thermodynamic quantities (6.4) and the
Smarr relation (1.5), the thermodynamic volume of thin
AdS black rings reads
VAdS =
πωd−3l
3
d− 1 R
3rd−40
√
1 + R2
=
πωd−3
d− 1 R
3rd−40
√
1 +R2/l2 . (6.7)
One can then readily verify that the first law (1.4) is
satisfied. It is obvious that the last formula has a smooth
limit for l →∞. That is, a thermodynamic volume of an
asymptotically flat black ring is
Vflat =
πωd−3
d− 1 R
3rd−40 , (6.8)
while its horizon area reads
A = 2πrd−30 ωd−3R
√
d− 3
d− 4 . (6.9)
Let us briefly comment on the structure of formula for
Vflat, (6.8). We first note that a naive geometric volume
of a string “bent to” a radius R goes as
V ′ ∝ 2πRrd−20 . (6.10)
This is fundamentally different from the computed ther-
modynamic volume (6.8). However, we have seen in
Sec. III that even for spherical black holes in the pres-
ence of rotation the two volumes, the geometric one and
the thermodynamic one, are not the same and differ by
a term proportional to J2/M , see (3.11).15 For the black
ring we find
J2
M
=
d− 3
8(d− 2)ωd−3r
d−4
0 R
3 . (6.11)
15 We are grateful to Jennie Traschen and David Kastor for remind-
ing us of this fact.
Obviously, in the validity of our approximation, (6.2),
R >> r0 and this term is much bigger than the contri-
bution of the geometric volume V ′, (6.10). This indicates
that we are in fact in the ultraspinning regime. We find
Vflat =
8π
d− 1
d− 2
d− 3
J2
M
, (6.12)
which replaces Eq. (3.12) valid for ultraspinning spherical
black holes. To summarize, the structure of the formula
(6.8) is governed by the ultraspinning contribution rather
than the geometric part of the volume, which explains
otherwise puzzling dependence V ∝ R3rd−40 . We expect
that more generally, outside of the ultraspinning regime,
one would have
Vflat = V
′ +
8π
d− 1
d− 2
d− 3
J2
M
, (6.13)
in parallel with formula (3.11) for spherical black holes.
D. Isoperimetric inequality
It was conjectured in [10] that a reverse isoperimet-
ric inequality holds for a thermodynamic volume of any
asymptotically AdS black holes, the statement being ver-
ified for a variety of (charged rotating) black holes with
the horizon of spherical topology. Here we show that
this conjecture remains true for asymptotically AdS black
rings, at least in the thin ring (fast spinning) approxima-
tion.
Let us calculate the ratio R in (1.7), identifying A = A
and V = V as given by (6.4) and (6.7) . Then we have
R(d−1)(d−2) = ωd−2
2d−1πωd−3
(
R
r0
)2d−5 (1 + R2) d−22(
d−3
d−4 +
d−2
d−4R
2
) d−1
2
≥ ωd−2
2d−1πωd−3
(
R
r0
)2d−5 (
d− 4
d− 2
) d−1
2 1√
1 + R2
. (6.14)
Now for R ≤ l we have √1 + R2 ≤ √2 and hence the
ratio (1.7) is governed by
R(d−1)(d−2) ≥ const×
(
R
r0
)2d−5
≫ 1 (6.15)
by the assumption of the approximation, (6.2). For R >
l,
√
1 + R2 ≤ √2R≪ √2R/r0. In this case, we have
R(d−1)(d−2) ≫ const×
(
R
r0
)2d−6
≫ 1 . (6.16)
So in both cases the reverse isoperimetric inequality is
comfortably satisfied in the given approximation (6.2).
Note that, similar to the Kerr-AdS case in the ultra-
spinning regimes, see Sec. III, the ratio is much bigger
than one; in fact in the full ultraspinning limit in both
instances it diverges.
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E. Equation of state
In order to find the equation of state for our black
rings, we start from the expressions for J , T , and V in
Eqs. (6.4). Expressing r0 from the J equation as in (6.6),
the V equation becomes a quadratic equation for R, and
gives
R
2 =
−1±√1− 4k
2
, k =
α(d− 3)
α(d− 2)2 − 1 ,
α =
1
4π
d− 1
d− 2
PV 2
J2
≥ 0 . (6.17)
In order R2 be non-negative, we must have k ≤ 0, i.e.,
α ≤ 1/(d− 2)2, or, in terms of the physical quantities16
P ≤ Pultra ≡ 4π
(d− 1)(d− 2)
J2
V 2
. (6.18)
The T equation (6.4),
T =
(d− 4) 32√1 + R2
4πr0
√
d− 3 + (d− 2)R2 , (6.19)
with r0 and R expressed by (6.6) and (6.17), becomes an
implicit equation of state, P = P (V, T, J).
Note that, in the region of validity of our approxima-
tion we must have
R
r0
=
√
(d− 1)(d− 2)
4
√
πP
R
r0
≫ 1 , l
r0
≫ 1 , (6.20)
while at the same time the condition (6.18) must be sat-
isfied. For fixed J these conditions pick up a very narrow
region in P −v space of possible black ring configurations
where we can trust our equation of state.
The resulting P − v diagram is ‘trivial’, as depicted in
fig. 28 for d = 5. In higher dimensions the situation is
similar. The critical point, if it exists for AdS black rings,
is outside of the domain of validity of our approximation.
To see this we will have to wait until the exact AdS black
ring solution is known.
Similar to the spherical black hole case we shall now
study the ultraspinning regime. (The regime of slow ro-
tation is excluded by the blackfold approximation.)
F. Ultraspinning expansion
By inspection, the ultraspinning limit, for which Ωl→
1, corresponds to the limit where we keep the mass of the
black ring M fixed and let
R→∞ , (6.21)
16 This bound is attained for ultraspinning black rings of R. Such
black rings have in fact an infinite temperature, see next subsec-
tion.
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FIG. 28. Equation of state: thin AdS black ring. The
“exact” equation of state, given implicitly by (6.19), for T ≈
0.133 is displayed by the thick solid black curve, and compared
to the ultraspinning equation of state (6.18), displayed by
the thick dashed blue curve, and the first correction equation
of state (6.24), displayed by the thick dashed green curve.
The two conditions (6.20) are respectively displayed by thin
dashed red and black curves. They almost coincide: setting
R/r0 = N = l/r0, the approximation is valid when N ≫ 1.
As in the AdS/CFT correspondence, we set N = 3 ≫ 1,
which gives the curves; the approximation is valid above these
curves. This means that we can trust our “exact” equation
of state in the top left corner of the figure. In this region all
three equations of state basically coincide.
that is, the limit of the ultra-large black rings. In this
limit, r0 ∼ 1/R 4d−4 → 0, T ∼ R 4d−4 → ∞, whereas the
quantities V and J remain finite.
To write down the equation of state in this limit we
proceed similar to the black hole case. Namely, we ex-
press r0 from the M equation (6.4) ,
r0 =
[ 8M
lωd−3(d− 2)
1
R(1 + R2)3/2
] 1
d−4
. (6.22)
This is inserted into the equations for J , T , and V in
(6.4), and the result is expanded in large R, while we
keep the quantities M and l fixed. The first few terms
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are
J =Ml
(
1− 1
R2
+
(d− 1)(2d− 5)
2(d− 2)2R4 + . . .
)
,
T =
(d− 4)3/2
4π
√
d− 2
( lωd−3(d− 2)
8M
) 1
d−4
R
4
d−4 ×
×
(
1 +
2d− 5
(d− 4)(d− 2)
1
R2
−5d
3 − 53d2 + 172d− 178
4(d− 4)2(d− 2)2
1
R4
+ . . .
)
,
V =
8πl2M
(d− 1)(d− 2)
(
1− 1
R2
+
1
R4
+ . . .
)
. (6.23)
Consequently, we find the following approximate black
ring equation of state:
P = Pultra−2ωd−3(d−1)(d−3)(d−4)
3d−12
2
4dπd−3(d− 2) d−42 JT d−4
+O
( 1
R4
)
,
(6.24)
with Pultra defined in (6.18). This is displayed and com-
pared to the “exact” equation of state (6.19) in fig. 28.
Note the interesting coincidence that the first term,
Pultra, in the expansion coincides with the ultraspinning
limit of the Kerr-AdS black hole equation of state. There-
fore both the ultraspinning Kerr-AdS black holes and
AdS black rings have infinite temperature and share the
‘same equation of state’.
VII. BEYOND THERMODYNAMIC
INSTABILITIES
Thus far we have considered only the thermodynamic
behaviour of black holes, using the global minimum of the
Gibbs free energy (and the positivity of the specific heat)
as a criterion for thermodynamic stability. However ro-
tating black holes are subject to other kinds of (classical)
instabilities. Ultraspinning instabilities can lead to bifur-
cations to new stationary black hole families [108, 120–
124]. Superradiant instabilities [125–127] amplify waves
that scatter off of the AdS black hole, extracting its ro-
tational energy and driving it to a new state.
A third instability is the so called (non-axisymmetric)
bar-mode instability [108, 128–130], which possibly occurs
for both MP and Kerr-AdS black holes. However, noth-
ing is known about the latter case, and even in the former
case the mechanism as well as the endpoint of such insta-
bility (apart from the slowly spinning case which results
in a slowly spinning MP black hole) is far from being
well understood. It may result in the irradiation of the
excessive angular momenta or even a fragmentation into
a multiple black hole configuration [130]. We shall not
consider this instability in further discussion.
A. Ultraspinning instability
Ultraspinning (axisymmetric) instabilities occur for
both asymptotically flat MP and Kerr-AdS black holes
in all dimensions d ≥ 6. It is related to the fact that in
d ≥ 6 the angular momentum of the black hole is not lim-
ited from above and in principle can grow all the way to
infinity.17 Consequently as the angular momentum grows
larger, the black hole horizon flattens, becomes pancake
like, and the black hole enters the region of black mem-
brane like behavior (see also Sec. III). The resulting ob-
ject is subject to the Gregory–Laflamme instability and
the axisymmetric perturbations can lead to bifurcations
to new stationary black hole families. In the absence
of a decoupled master equation for gravitational pertur-
bations in higher dimensions, the final endpoint as well
as the exact onset of ultraspinning instabilities have to
be investigated numerically [120–124]. However, for our
purposes we just need to know when such an instabil-
ity approximately “kicks in” and may have some effect
on the thermodynamic considerations studied in previous
sections.
The method for investigating ultraspinning instabili-
ties consists of finding zero modes for stationary pertur-
bations that preserve rotational symmetries. The onset
of such instabilities can be assigned a ‘harmonic number’
k. The k = 0, 1 modes respectively correspond to metric
perturbations with (0, 1) nodes. These are the so called
thermodynamic zero modes and can be determined from
the thermodynamic Hessian, as we shall discuss below.
However, these modes do not correspond to bifurcations
to new families of stationary black holes; they can only
change the black hole into another black hole of the same
family, for example an MP black hole into another MP
black hole.
The actual bifurcations occur for k = 2 and higher; the
case of k = 2 corresponds to a new branch of black holes
with a central pinch. For higher k further axisymmetric
pinches appear. These cannot be obtained from thermo-
dynamic considerations. However it has been conjectured
[120] that the zero modes with k ≥ 2 can only occur for
rotations higher than that of the k = 1 modes. The
k = 1 surface, calculable from thermodynamic consider-
ations, is called the ultra-spinning surface: it encloses the
region where the thermodynamic Hessian has less than
two negative eigenvalues. For higher rotations the black
holes are subject to ultraspinning instabilities leading to
bifurcations to new black hole families [123].
Let us first illustrate this for a singly spinning d = 6
MP black hole.
17 In fact, even when the angular momenta are limited (for instance
in the equal spinning MP case) the black hole can enter the
ultraspining regime.
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1. Bifurcations of singly spinning MP black holes
A simple criterion [108] for the onset of ultraspinning
instabilities of singly spinning MP black holes involves a
consideration of the behaviour of the temperature T for
a fixed mass M . For slowly spinning black holes this de-
creases, as is familiar for the Kerr solution, and in d < 6
reaches zero. However, for d ≥ 6 the temperature in-
stead reaches its minimum and diverges in the ultraspin-
ning limit. This temperature growth is typical for black
membranes.
Let us define a dimensionless parameter x = ar+ , in
terms of which we have, cf. J equation (4.3),
r+ =
[ 8π
ωd−2
J
x(x2 + 1)
] 1
d−2
. (7.1)
The temperature of a singly spinning MP black hole is
given by
T =
1
4π
(rd−4+
m
+
d− 5
r+
)
, (7.2)
and reaches its minimum at r+ = r1, where
m =
d− 4
d− 5r
d−3
1 ⇔ x1 =
a
r1
=
√
d− 3
d− 5 (7.3)
provided d ≥ 6. For a fixed angular momentum, using
(7.1), this gives the following black hole radius:
r1 =
[ 4π
ωd−2
d− 5
d− 4
√
d− 5
d− 3J
] 1
d−2
. (7.4)
The thermodynamic argument below leads to the same
value of r1—it gives the k = 1 zero mode. The k = 0
zero mode for singly spinning MP black holes is present
for arbitrary spin.
The actual onsets of instabilities for perturbations pre-
serving the original Killing symmetries of singly spinning
MP black holes in d = 6 have been studied [122] and, in
terms of a new parameter y = a/rm, where r
d−3
m = 2m,
were found to be
y1 = y(k = 1) ≈ 1.097 , y2 = y(k = 2) ≈ 1.572 ,
y3 = y(k = 3) ≈ 1.849 , y4 = y(k = 4) ≈ 2.036 . (7.5)
Since yd−3 = xd−3/(x2 + 1), this gives
x1 ≈ 1.751, x2 ≈ 4.114, x3 ≈ 6.472, x4 ≈ 8.555 . (7.6)
To each xk in (7.6), we use (7.1) to find the black hole
radius rk corresponding to the onset of instabilities with
the harmonic number k. In particular, for J = 1 this
gives r1 ≈ 0.605, r2 ≈ 0.337, r3 ≈ 0.242, r4 ≈ 0.197. The
onset of ultraspinning instabilities leading to bifurcations
to new branches of black holes occurs for r ≤ r2. The
situation is displayed in fig. 29, where the exact Gibbs
k=4k=3k=2
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FIG. 29. Onsets of ultraspinning instabilities: d = 6
MP black holes. The Gibbs free energy of a singly spin-
ning MP black hole with J = 1 (displayed by solid colored
curves) is compared to the Gibbs free energy of a thin black
ring constructed in the blackfold approximation (displayed by
a black thin dashed curve); r+ decreases from left to right.
The onsets of ultraspinning instabilities (7.5) are displayed
by various colors as follows. The black solid line corresponds
to MP black holes outside of the ultraspinning region (with
only the k = 0 mode present). The k = 1 zero mode ap-
pears for r+ = r1 ≈ 0.605 indicated by a point where solid
red and black curves join together; the appearance of this
zero mode can be predicted from thermodynamic considera-
tions. The actual onsets of ultraspinning instabilities occur
for k = 2, 3, 4, . . . , and are displayed by onsets of green, blue,
brown,. . . , curves; these indicate possible bifurcations to new
families of stationary black holes. It is reasonable to conjec-
ture that the actual G of an exact black ring is slightly smaller
than that of the displayed approximation and would cross the
G of an MP black hole close to r+ = r2, indicating a possible
first order phase transition between the two kinds of black
holes.
free energy of MP black holes, with corresponding on-
sets, is compared to the Gibbs free energy of approxi-
mate highly spinning asymptotically flat black rings con-
structed in the blackfold approximation of the previous
section. From the discussion in the previous section we
may expect that the approximation is valid for high tem-
peratures, whereas it is completely off for small temper-
atures. In the middle region, we expect that the free en-
ergyG of the actual black ring may be slightly lower than
that of the approximation. If so, it may be reasonable
to expect that the crossover between G of an MP black
hole and that of its exact (so far analytically unknown,
but see [131] for numerical work) black ring counterpart
may occur close to (or perhaps exactly at) r2, where a
first order phase transition in between the two kinds of
black holes might occur.
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FIG. 30. RPT and classical instabilities: d = 6 singly
spinning Kerr-AdS black holes. The Gibbs free energy
for the d = 6 singly spinning Kerr-AdS black hole is displayed
for J = 1 and P = 0.0564 ∈ (PtPz) for which the RPT is
present, cf. fig. 12 c). Black holes displayed by the solid black
curve are classically stable (potentially subject to the bar-
mode instability). The red curve indicates the branch of black
holes subject to the superradiant instability, r+ < 1.11. The
blue dotted curve displays black holes in the ultraspinning
region (k ≥ 1 zero modes) derived from the thermodynamic
argument, r+ < 0.55. Such black holes are also superradiant
unstable. We observe that black holes that play a role in the
RPT are ultraspinning stable but some of them are subject
to the superradiant instability.
2. Thermodynamic argument and other examples
For more complicated black hole spacetimes, such as
d = 6 doubly spinning Kerr-AdS black holes, the numeric
results are not available.18 However, the ultraspinning
surface can be obtained from the following thermody-
namic argument, e.g., [59, 121, 122, 132] (see also [133]).
Let I be the (grand-canonical ensemble) Euclidean ac-
tion, dependent on parameters yα that completely char-
acterize the black hole in this ensemble: yα = yα(M,Ji).
Then we consider the Hessian of the action, given by [121]
(keeping Ωi and T fixed)
Iαβ ≡ ∂
2I
∂yα∂yβ
=
(
1
T
∂2M
∂yα∂yβ
− ∂
2S
∂yα∂yβ
− Ωi
T
∂2Ji
∂yα∂yβ
)
.
(7.7)
In particular, as per usual, if we choose the parameters
to be xα = {M,Ji}, we recover the familiar
∂2I
∂yα∂yβ
∣∣∣∣
y=x
= − ∂
2S
∂xα∂xβ
= −Sαβ(M,Ji) . (7.8)
18 See, however, [124] for the multiply spinning MP case.
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FIG. 31. RPT and ultraspinning instability: d = 6
doubly spinning MP black holes. The Gibbs free energy
for the d = 6 doubly spinning MP black hole is displayed for
q = 0.112 ∈ (qt, qz) for which the RPT is present, cf. fig. 23
d). The black curve is classically stable (potentially subject to
the bar-mode instability). The blue dotted curve indicates the
branch of black holes subject to the ultraspinning instability,
r+ < 0.613. Hence, contrary to the Kerr-AdS case the MP
black holes that play the role in the RPT are ultraspinning
unstable.
The black hole has a thermodynamic negative mode, cor-
responding to a thermodynamic instability, if Iαβ given
by (7.7) has a negative eigenvalue; thermodynamic zero
modes correspond to vanishing eigenvalues.
For every asymptotically flat vacuum black hole Iαβ
possesses at least one negative eigenvalue and so all such
black holes are locally thermodynamically unstable [121].
For d ≥ 6 singly spinning MP black holes, as their rota-
tion increases, we obtain an additional thermodynamic
instability at precisely r+ = r1, as given by (7.4) above.
This determines the ultraspinning surface k = 1.
For singly spinning Kerr-AdS black holes in d = 4 and
d = 5, one of the eigenvalues of the 2 × 2 Hessian ma-
trix Iαβ is always positive and the second one changes
sign. We therefore have the k = 0 thermodynamic zero
mode at r+ = r0, given by (7.9) below; the k = 1 zero
mode does not exist and the black holes are ultraspinning
stable.
For the d ≥ 6 singly spinning Kerr-AdS case one can
show that two eigenvalues of the Hessian matrix change
sign, giving two thermodynamic zero modes, k = 0 and
k = 1. Solving for the zero eigenvalues of Iαβ in Eq.
(7.7), taking yα = {r+, a}, we obtain [123]
r20 =
d− 3
2(d− 1)
(
a2 + l2 +
√
a4 − γda2l2 + l4
)
,
r21 =
d− 3
2(d− 1)
(
a2 + l2 −
√
a4 − γda2l2 + l4
)
, (7.9)
where γd ≡ 2(d
2−6d+1)
(d−3)2 . For very large r+, correspond-
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FIG. 32. Classical instabilities: doubly spinning
d = 6 Kerr-AdS black hole. The Gibbs free energy for
the d = 6 doubly spinning Kerr-AdS black holes is displayed
for q = 0.05 and various pressures (from top to bottom)
P = 0.260, 0.170, 0.087, 0.0642, 0.015, for which we observe
the SBH/IBH/LBH phase transition, cf. fig. 18. The black
solid curves denote classically stable black holes (potentially
subject to the bar-mode instability). The blue color indicates
branches of black holes subject to both the ultraspinning and
superradiant instabilities. The red curves correspond to black
holes that are superradiant unstable and ultraspinning stable.
We conclude that the Kerr-AdS black holes that play the role
in the SBH/IBH/LBH phase transitions are potentially sub-
ject to both classical instabilities.
ing to slowly spinning Kerr-AdS black holes, there are no
negative thermodynamic modes and the black holes are
thermodynamically stable. As we decrease r+, the k = 0
zero mode appears at r0. Decreasing r+ even further,
an additional thermodynamic zero mode k = 1 occurs
at r1. Black holes with r+ < r1 are in the ultraspin-
ning regime—they are subject to k ≥ 2 zero modes and
suffer from ulraspinning instabilities. We show in fig. 30
that the singly spinning Kerr-AdS black holes that play
the role in the RPT studied in Sec. III are ultraspinning
stable, though some of them may be subject to the su-
perradiant instability, as studied in the next subsection.
We demonstrated in Sec. IV that an RPT also occurs
for the d = 6 doubly spinning MP black holes. Such
black holes always possess a k = 0 negative mode. The
thermodynamic argument gives the following formula for
the appearance of the k = 1 zero mode:
r21 =
1
6
(
a2 + b2 +
√
a4 + 14a2b2 + b4
)
, (7.10)
where a and b are the two rotation parameters. In this
case we find, see fig. 31, that the doubly spinning MP
black holes that play the role in the RPT studied in IV
are in the ultraspinning regime.
Turning finally to the doubly spinning Kerr-AdS black
holes and the corresponding ‘solid/liquid/gas’ phase
transition studied in Sec. III, no simple analytic formula
for the appearance of thermodynamic zero modes exists,
and we proceed numerically as displayed in fig. 32. We
find that the part of the Gibbs diagram important for
the existence of multiple first order phase transitions and
possibly a triple point occurs in the ultraspinning region
and is subject to the superradiant instability. Hence the
observed thermodynamic phenomena have to ‘compete’
with both the ultraspinning and the superradiant classi-
cal instabilities.
B. Superradiant instabilities
Superradiant instabilities are potentially present for
rapidly spinning Kerr-AdS black holes in all d ≥ 4 di-
mensions.19 They also A superradiant instability occurs
for [98]
Ωil > 1 (7.11)
and is associated with perturbations that break the
spacetime axisymmetry. For example a gravitational
wave of frequency ω co-rotating with the background
black hole can extract rotational energy from the black
hole if ω < mΩi, where m is the wave angular momen-
tum. The effect is called superradiance and represents a
‘field analogue’ of the Penrose process. Superradiance oc-
curs also in the asymptotically flat case. However, in the
presence of the ‘AdS confining box’, the amplified field
reflects back on black hole and is amplified again and
again, driving the system unstable whenever the condi-
tion (7.11) is satisfied.
Superradiant regions play an important role for the
thermodynamic phase transitions we have studied. These
instabilities are indicated in the G − T diagrams for
d = 6 singly and doubly spinning Kerr-AdS black hole
in figs. 30 and 32. We find that the corresponding ther-
modynamic effects we have discovered so far must com-
pete with the superradiant instability. Interestingly, this
is even true for the Van der Waals like phase transition
that occur in d = 4 Kerr-AdS black hole spacetimes,
see fig. 33. However the time scale of these latter insta-
bilities can vary widely, and so it may happen that the
thermodynamic effects we have discovered can actually
take place.
VIII. DISCUSSION
We have carried out a thorough study of the thermo-
dynamics of higher-dimensional asymptotically flat and
AdS rotating black holes with various horizon topolo-
gies in the canonical (fixed J) ensemble, interpreting the
19 Interestingly, they also occur for the massive scalar field in the
asymptotically flat d = 4 Kerr black hole spacetime [134, 135].
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FIG. 33. Superradiant instability: d = 4 Kerr-AdS
black hole. The Gibbs free energy for the Kerr-AdS black
hole in d = 4 is displayed for various pressures, P/Pc =
{1.6, 1, 0.6, 0.2}, Pc ≈ 0.002856, and fixed J = 1. The red
curves display black holes that are subject to the superradi-
ant instability, the black ones are superradiant stable. The
figure clearly demonstrates that even the Van der Waals like
phase transition occurring for d = 4 Kerr-AdS black holes,
discussed in Sec. II, is subject to the superradiant instability.
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FIG. 34. Grand-canonical thermodynamic potential.
The grand-canonical thermodynamic potential GΩ is dis-
played for d = 6 singly spinning Kerr-AdS black hole for fixed
Ω = 1 and various pressures (from left to right) P = 0.5, 0.8, 1.
Its behaviour is qualitatively similar to the behavior of G for
the Schwarzschild-AdS black hole. Namely, although we may
observe an analogue of the Hawking–Page transition, there is
no swallow tail present and hence no first order phase transi-
tion of the Van der Waals type.
cosmological constant as thermodynamic pressure. By
studying the corresponding thermodynamic potential—
the Gibbs free energy—we uncovered a number of novel
thermodynamic phase transitions in these black hole
spacetimes.
We have shown that multiply-rotating Kerr-AdS black
holes exhibit a rich set of interesting thermodynamic
phenomena known from the every day thermodynam-
ics of simple substances. Specifying to six dimensions,
we have demonstrated that reentrant phase transitions,
triple points (tricritical points), multiple first-order tran-
sitions, solid/liquid/gas phase transitions, and Van der
Walls liquid/gas phase transitions can all occur depend-
ing on the ratio of the two angular momenta. We have
evidence that such phenomena will take place in dimen-
sions d > 6, though the details remain to be worked out.
Intriguingly, we have shown that reentrant phase tran-
sitions occur even for asymptotically flat Myers–Perry
black holes. The cosmological constant is not necessary
to observe this phenomenon.
We have also studied the thermodynamic volume, the
corresponding equation of state, P = P (V, T ), as well as
the associated reverse isoperimetric inequality. For the
first time, we verified the validity of this inequality for the
black hole spacetimes with non-spherical horizon topol-
ogy, providing one more piece of evidence for the conjec-
ture [10] that a reverse isoperimetric inequality holds for
any asymptotically AdS black hole.
In this paper we concentrated on a canonical ensemble
where the angular momentum is fixed and the horizon
angular velocity is allowed to vary. We showed that in
this ensemble all possible kinds of interesting phase tran-
sitions happen. Alternatively, one could consider the
thermodynamic behaviour of above black holes in the
grand-canonical ensemble, where the angular velocity of
the horizon is fixed and the angular momentum is free to
vary, e.g., [4, 61, 105, 136]. The corresponding thermo-
dynamic potential GΩ is related to the Gibbs free energy
(1.2) by the Legendre transformation
GΩ ≡ G−
∑
i
ΩiJi − ΦQ = GΩ(T, P,Ωi,Φ) . (8.1)
However, for charged-AdS black holes it has previ-
ously been demonstrated [61] that the grand-canonical
ensemble does not admit first-order phase transitions
ala Van der Waals. Indeed, the behaviour of GΩ is
rather ‘boring’, reminiscent of the Schwarzschild-AdS be-
haviour. We have checked for singly-spinning Kerr-AdS
black holes in d = 6 that a similar conclusion remains
valid in the (higher-dimensional) rotating case (see also
[105]). Specifically, the Gibbs free energy GΩ exhibits
Schwarzschild-like behaviour without any Van der Waals
like first-order phase transitions, as shown in fig. 34.
A similar conclusion remains valid for multiply-spinning
Kerr-AdS black holes in d = 6. For these reasons we
expect that the phase structure of the grand-canonical
ensemble is not “as interesting” as that of the canonical
ensemble. (See, however, recent work [70].)
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Another interesting open possibility left for future is
to use an ensemble where the thermodynamic volume V
rather than the cosmological constant Λ is fixed, with a
corresponding thermodynamic potential GV related to G
by GV ≡ G−PV = GV (T, V, Ji, Q) ; and similarly for the
grand-canonical ensemble. The question whether such
an ensemble can be ‘prepared’ for black hole spacetimes
remains open.
Finally, we stress that all the results of this paper are
entirely based on thermodynamic considerations. The
phase transitions uncovered are thermodynamic phase
transitions—determined entirely from the behaviour of
the black hole Gibbs free energy. In “non-ideal” black
hole geometries perturbations will be present that may
lead to classical instabilities and additional/alternative
phase transitions. One may, for example, anticipate for
small temperatures the formation of hairy black holes, or
appearance of ultraspinning unstable modes for rapidly
spinning black holes. Similarly, in the presence of ra-
diation/matter, one might expect radiation/black hole
phase transitions of the Hawking–Page type. The ques-
tion as to which transition would actually ‘win’ and take
place depends on the timescales of the corresponding phe-
nomena. This, however, goes beyond the scope of the
present paper.
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